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The Morava stabilizer groups 

Let n be a positive integer and K a separably closed field of characteristic p > 0. If 
-F is a formal group law of height n defined over K, then the Dieudonne-Lubin theorem 
D.3 says that the X-automorphism group AutK{F) of F can be identified with the units 
in the maximal order On of the central division algebra D„ = -D(Qp, l/ra) of invariant 1/n 
over Qp. In the case where = is the Honda formal group law of height n, as given 
by theorem D.l, we have 

AutK{Fn)=Auh^^{Fr,). 

We define 

S„ := Autv^r.{Fn) = 0^ 

to be the n-th ( classical) Morava stabilizer group. 

More generally, we are interested in the category TQCn whose objects are pairs (F, /c) 
for k a perfect field of characteristic p and F a formal group law of height n defined over 
A;, and whose morphisms are given by pairs 

(/,(p):(Fi,A:i)^(F2,A:2), 

where 99 : fci — > A;2 is a field homomorphism and f : Lp^.F\ ^ F2 is an isomorphism 
from the formal group law given by applying ip on the coefficients of F\. If {f,(p) is an 
endomorphism of {F, k), then ip is an automorphism of k and ip G Gal{k/¥p). We let 

Aut^gc^iF, k) = {(/, if) : (F, k) ^{F,k)\^e Gal{k/¥p) and f : if.F ^ F} 

denote the group of automorphisms of (F, k) in TQCn- If F is already defined over Fp, the 
Frobenius automorphism G EndxiF) defines an element ^i? G On- Then proposition 
D.7 says that EndxiF) = End^^n (F) if and only if the minimal polynomial of over Zp 
is $,p — up with u eZp. For such an F, we define 

Gn{u) := AutTgcjF,¥pn) 

to be the n-th extended Morava stabilizer group associated to u. We often note Gn = 'Gn(l). 

Here ip^F = F for any G Gal{¥pn /¥p). The group Gn{u) contains S„ as the subgroup 
of elements of the form {f,idv^n), and there is an extension 

1 — >8n — > Gniu) — > Gal{¥pn/¥p) — > 1 

where an element / G S„ is mapped to the pair {f,idwj^n) and where the image of a pair 
ifjip) G Gn{u) in the Galois group is the automorphism ip of Fpn. Moreover, the Frobenius 
automorphism a G GaZ(Fpn/Fp) = Z/ra splits as the pair {idF,a) in Gn{u), and we get 

Gn{u) = Sn XFGal{¥pn/¥p), 

where the action on S„ is induced by conjugation by ^p- In terms of division algebras (see 
appendix D) , this extension translates into a split exact sequence 

1^0^^ B^/(C^) Z/n 1, 
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so that 

In the text we address the problem of classifying the finite subgroups of up to 

conjugation. In particular, wc give necessary and sufficient conditions on n, p and u for 
the existence in G„(u) of extensions of the form 

1 — >G — >F — >Z/n — ^ 1 

with G maximal finite in S„, and if such extensions exist, we establish their classification 
as finite subgroups of Gn{u) up to conjugation. 

Motivation 

Given a prime p and for K{n) the n-th Morava K-theory at p, the stable homotopy 
category of p-local spectra can be analysed from the category of K{n)-local spectra in 

the sense of [9] section 1.1. In particular, letting L„ = Lx{o)\/...\/K(n) be the localization 
functor with respect to K{0) V ... V K{n), there is a tower of localization functors 

. . . — >■ Ln — >■ Lji-i — >■ ■ • . — >■ Lq 

together with natural maps X — > LnX, such that for every p-local finite spectrum X the 
natural map X — )■ holimLnX is a weak equivalence. Furthermore, the maps L„X — > 
Ln-iX fit into a natural commutative homotopy puUback square 

^ LK{n)^ 

Y Y 

Ln-iX ^ L„_iL^(„)X. 

In this way, the Morava X-theory localizations Lx(n)X form the basic building blocks for 
the homotopy type of a p-local finite spectrum X, and of course, the localization of the 
sphere Lx(n)S^ plays a central role in this approach. 

The spectrum Lx(^,^yS^ can be identified with the homotopy fixed point spectrum 
j^hGn Qf i^j-^g n-tli Lubin-Tate spectrum En, and the Adams- Novikov spectral sequence for 
Lx[n)S^ can be identified with the spectral sequence 

Here the ring {En)o is isomorphic to the universal deformation ring E{F,¥pn) (in the sense 
of Lubin and Tate) associated to a formal group law F of height n over F^n, and (-E^)* is 
a graded version of E{F,¥pn). The functor 

E{_, _) : TGjCn — > Ringsci 

to the category of complete local rings defines the action of G„(ii) on the universal ring 
E{F,¥pn), which in turn induces an action on (En)*- 

There is good hope that Lx[n)S^ can be written as the inverse limit of a tower of 
fibrations whose successive fibers are of the form E^^ for F a finite subgroup of G„(7i). 
This is at least true in the case n = 2, p = 3 and tt = 1, which is the object of [6]. In 
[9] the case n = p— l,p>2 and u = 1 is investigated. Moreover, the importance of the 
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subgroups of G2(— 1) for p = 3 is exemplified in [2]. As shown in the present text, the 
choice of u plays an important role in the determination of the finite subgroups of Gn{u). 

For example, when n = 2 and p = 3 theorem 4.29 shows that the maximal finite 
subgroups of Gn{u) are represented up to conjugation by SDiq, the semidihedral group 
of order 16, and by a semi-direct product of the cyclic group of order 3 with either the 
quaternion group Qs H u = 1 mod 3 or the dihedral group Ds of order 8 if it = —1 mod 3. 

Another example is given by theorem 4.30 in the case n = 2 and p = 2: the maximal 
finite conjugacy classes are given by two or four classes depending on u. When u = 
1 mod 8, there are two of them given by a metacyclic group of order 12 and by 

O48 if u = 1 mod 8, 

T24 XI C2 if li = — 1 mod 8, 

for O48 the binary octahedral group of order 48, C2 the cyclic group of order 2 and r24 
the binary tetrahedral group of order 24. On the other hand when u ^ 1 mod 8, there are 
four of them given by T24, by two distinct metacyclic groups of order 12, and by 

if tt = 3 mod 8, 
Qs if It = —3 mod 8. 

The group G2(— 1) is the Morava stabilizer group associated to the formal group law 
of a supersingular elliptic curve, while in general G„ = G„(l) is the one associated to the 
Honda formal group law of height n. 

Overview 

In the first chapter of the text, we establish a classification up to conjugation of the 
maximal finite subgroups of S„ for a prime p and a positive integer n. When n is not a 
multiple of p — 1 the situation remains simple as no non-trivial finite p-subgroup exist. In 
this case, all finite subgroups are subgroups in the unique conjugacy class isomorphic to 

fCpn-i if P > 2, 
\C2(pn_i) if p = 2, 

where Q denotes the cyclic group of order I. Otherwise, n = {p — l)p^~^m with m prime 
to p. For a < k and Euler's totient function ip, we let Ua = ^'^d we obtain: 

Theorem. If p > 2 and n = {p — l)p'^''^m with m prime to p, the group S„ has exactly 
k + 1 conjugacy classes of maximal finite subgroups represented by 

Go = Cpn_i and Ga = Cpc, xi C(pna for 1 < a < k. 

Theorem. Let p = 2 and n = 2^~^m with m odd. The group §„, respectively D^, has 
exactly k maximal conjugacy classes of finite subgroups. If k^2, they are represented by 

Ga = C2a(2"a_i) for 1 < a < k. 

If k = 2, they are represented by Ga for a ^ 2 and by the unique maximal nonabelian 
conjugacy class 

Qs ><l (^3(2'"-!) — ^24 X C2"i_i, 

the latter containing G2 as a subclass. 
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The classification of the isomorphism classes of the finite subgroups of has already 
been found by Hewett in [10]; it is based on a previous classification made by Amitsur in 
[1]. Our approach is different: it has the advantage of being more direct, exploiting the 
structure of in terms of Witt vectors, and lays the foundations for our study of the 
extended groups G„(«). A further attempt by Hewett to extend his classification from 
isomorphism classes to conjugacy classes can be found in [11], but the results turn out to 
be false (see remarks 1.34 and 1.36). In example 1.33, we provide an explicit family of 
counter examples in the case p> 2. 

In chapter 2, we present a theoretical framework for the classification of the finite 
subgroups of Gn('u) = D^/(p«). Most of the work is done in via a bijection (see 
proposition 2.1) between the set of (conjugacy classes of) finite subgroups of (G„('u) and 
the set of (conjugacy classes of) subgroups of containing {pu) as a subgroup of finite 
index. For a finite subgroup F of G„(it) for which Fn§„ has an abelian p-Sylow subgroup 
(the remaining case of a quaternionic p-Sylow is quite specific and is treated in chapter 
4), we consider its correspondent F in via the above bijection. This group fits into a 
chain of successive extensions 

i<o C i^i C i<2 C = F, 

where Fq = {FnSn, Zpi{Fr\§>n)) is cyclic for Sn thep-Sylow subgroup of and Zp/(FnS„) 
the p'-part of the center of F n S„, and where 

Fo = FoX {pu) , F2 = FnC„. (Fo) = C^(Fo) , 

Fi = F n Qp(Fo) ^ F3 = Fn (Fo) = N~{Fo) . 

Referring to the above classification of the finite subgroups of S„, we note that Fq is 
a subgroup of a cyclic group of order jo"(p"" — 1) for an a < A;, and that the whole 
(nonabelian) groups of type Ga when p > 2 can only be recovered in the last stage 
of the chain of extensions. We then provide cohomological criteria (see theorem 2.16, 
2.21, 2.27 and 2.28) for the existence and uniqueness up to conjugation of each of these 
successive group extensions. We are mostly interested in the cases where each successive Fi 
is maximal, that is, Fq is a maximal abelian finite subgroup of S„, and for 1 < i < 3, each 
Fi is a maximal subgroup of the respective group Qp(-Fb)^ , Cjjx {Fq), N-^x (Fq) containing 

Fo as a subgroup of finite index. 

In chapter 3, we treat the abelian cases which are covered up to the second extension 
type F2. Given Fq, we let J^(Qp(Fo), Fq, ri) denote the set of all Fi's which give rise to 
a finite subgroup Fi of Gn{u) extending Fq by a cyclic group of order ri. Then: 

Theorem. If Fq is a maximal abelian finite subgroup 0/ S^; then J'^(Qp(Fo), Fq, ri) is 
non-empty if and only if 



ri divides 



1 if p > 2 with (p Fq, 

p—1 if p > 2 with Cp e Fo, 

1 ifp = 2 with (3 ^ Fq and u^±l mod 8, or with ^4 ^ Fq, 

2 if p = 2 with (^4 G Fq and either u = ±1 mod 8 or ^3 G Fq. 



Furthermore, given Fq C Fi, we let ^^^(C'ux (Fq), Fi, r2) denote the set of all F2's which 
give rise to a finite subgroup F2 of G„('u) extending Fi by a group of order r2- Then: 
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Theorem. Ifri is maximal such that J^u{Qp{Fo)i Fo, ^i) 7^ o,n-d if Fi belongs to this set, 
then J^„(Cjjx (Fq)) -^1) ^2) is non-empty if and only if r2 divides (f\))-q ] ■ 

In thej)articular case where Fq is a maximal abelian finite subgroup of Sn, we liave 
Fi = F2. 

In chapter 4, we treat (nonabehan) finite extensions of F2 in the case where Qp{F2) 
is a maximal subfield in D„; any such field is of degree n over Qp. We provide necessary 
and siifficient conditions on n, p and u for the existence of F's such that \F / Fo\ = n and 
Fi = F2: 

Theorem. Let p > 2, n = {p — l)p''~^m with m prime to p, u ^ Zp , Fq = Cpc x Cp^a-i 
be a maximal abelian finite subgroup in S„, G = Ga/(Qp(i^o)/Qp); Gp' be the p' -part of 
G, and let Fi = {x\) x Fq C Qp(Fo)^ be maximal as a subgroup of Qp{Fo)^ having Fq as 
subgroup of finite index. 

1) For any ^ < a < k, there is an extension of Fi by Gp/; this extension is unique up 
to conjugation. 

2) If ot < 1, there is an extension of Fi by G; this maximal extension is unique up to 
conjugation. 

3) If a > 2, there is an extension of Fi by G if and only if 

a = k and u ^(^p ) x G | x = 1 mod (p^)}, 
in which case this maximal extension is unique up to conjugation. 

Theorem. Let p = 2, n = 2^~^m with m odd, u G Z2 , Fq = C2" x C2"c_i be a maximal 
abelian finite subgroup of Sn, G = Gal{Q2{FQ)/Q2), G2' be the odd part^f G, and let 
Fi = (xi) X Fq C. Q2{Fq)^ be maximal as a subgroup of Q2{Fo)^ having Fq as subgroup 
of finite index. 

1) For any 1 < a < k, there is an extension of Fi by G2'; this extension is unique up 
to conjugation. 

2) If a = 1, there is an extension of Fx by G; the number of such extensions up to 
conjugation is 

{1 if n is odd, 
2 if n is even. 

3) If a = 2, there is an extension of F\ by G if and only if k = 2; the number of such 
extensions up to conjugation is 

1 if u = ±1 mod 8, 

2 if u^±l mods. 

4) If Oi^^, there is no extension of Fi by G. 

We then treat the specific remaining case where F n has a quaternionic p-Sylow sub- 
group; this only occurs when p = 2 and n = 2 mod 4. 
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Theorem. Let p = 2, n = 2m with m odd, and u € Z2 . A subgroup G isomorphic to 

T24 X C2»n-i in E>n extends to a maximal finite subgroup F of order n\G\ = 48m(2'" — 1) 
in Gfiiu) if and only if u = ±1 mod 8; this extension is unique up to conjugation. 

We end the chapter by expHcitly analysing the case n = 2, where we obtain: 

Theorem. Let n = 2, p = 3 and u & . The conjugacy classes of maximal finite 
subgroups of G^iu) are represented by 



Theorem. Let n = 2, p = 2 and u G Z2 • The conjugacy classes of maximal finite 
subgroups of G2{u) are represented by 



and 




< 




Chapter 1: 

Finite subgroups of S 



From now on, we will always consider p a prime, n a strictly positive integer, and 

D„ := D{%, 1/n) 

the central division algebra of invariant 1/n over Qp. The reader may refer to appendix 
A and C for the essential background on division algebras. We identify Sji as the group 
of units of the maximal order On of D^- 



1.1. The structure of D„ and its finite subgroups 

The structure of D„ can be explicitly given by the following construction; see appendix 
C or appendix 2 of [17] for more details. Let W„ = W(Fpn) be the ring of Witt vectors on 
the finite field Wpn with elements. Here can be identified with the ring Zp[(pn_i] of 
integers of the unramified extension of degree n over Qp. It is a complete local ring with 
maximal ideal (p) and residue field Fpn whose elements are written uniquely as 

w = Wip^ with = Wi. 

The Frobcnius automorphism x t-> G Gal(¥pn /¥p) can be extended to an automorphism 
a : w of W„ generating Gal{Wn/'^p) by setting 

m;"' = wfp^ for each w = Wjp^ G W^. 

i>0 i>0 

We then add to a non-commutative element S satisfying S"^ = p and Sw = S for 
all w G W„; the non-commutative ring we obtain in this way can be identified with 

On = W„(5)/(5" =p,Sw = W^S), 

and 

Bn = On Qp. 

The valuation map t^q^ : — > Z satisfying v{p) = 1 extends uniquely to a valuation 
V = vo^ on D„, with value group 

in such a way that 

v{S) = ^ and C>„ = {a; G ©n I v{x) > 0}. 
Because v{x~^) = —v{x), we have 

0^={xeBn\ v{x) = 0}. 
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Proposition 1.1. A finite subgroup o/D^ is a subgroup of . 
Proof. An element ( ^ID^ of finite order i >1 satisfies 

o = «(i) = i«(C), 

and it follows that v{() =0. □ 

As we will now see, the structure of On given above greatly reduces the possibilities of 
what form a finite subgroup of can have. 

The element S G generates a two-sided maximal ideal m of On with residue field 
On/vn = ¥pn. This maximal ideal satisfies 

m = {x eBn I v{x) > 0}. 

The kernel of the group cpimorphism On F^n which results from this quotient is denoted 
Sn ■ We thus have a group extension 

The groups O^ and Sn have natural profinite structures induced by the filtration of 
subgroups 



given by 



Ui := UiiW^) = {xeSn\ v{x - 1) > ^} 



= {x & Sn \ X = 1 mod S**}, for i > 1. 

The intersection of these groups is trivial and Sn = lim.i Sn/Ui. We also have canonical 
isomorphisms 

Ui/Ui+i = Fpn given by 1 + aS^ 

for a G On and a the residue class of a in On/m = Fpn. In particular, all quotients 
Sn/Ui are finite p-groups and Sn is a profinite p-subgroup of the profinite group On - By 
uniqueness of the maximal ideal m, we know that Sn is the unique p-Sylow subgroup of 
O^. Consequently: 

Proposition 1.2. All p-subgroups of On, and only those, are subgroups of Sn- □ 

Throughout the text we let ip denote Euler's totient function, which for each positive 
integer i associates the number ip{i) of integers 1 < j < i for which {i;j) = 1- 

Proposition 1.3. The group Sn, respectively On, has elements of order p'' for k > 1 if 
and only if ip{p^) = {p — l)p^''^ divides n- 

Proof- This is a straightforward consequence of the embedding theorem C.6, together with 
proposition C.8 which states that 

[Qp(Cp^):Qp] = <^(/) = b-l)/"\ 
for (pfc a primitive p'^-th root of unity. □ 



1.1. The structure of D„ and its finite subgroups 
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Proposition 1.4. Every ahelian finite subgroup ofO^^ is cyclic. 

Proof. If G is a finite multiplicative abelian subgroup of a division algebra of type D„, 
then it lies within the local commutative field F = Qp{G) in D„ and is a subgroup of 
. Because G is finite, proposition C.7 implies that G is a subgroup of the cyclic group 
fi{F). □ 

In the text, we are lead to use group cohomology H*{G, M) extensively for some group 
G and G-module M. Most often, we will exploit the tools of low dimensional cohomology 
to study group extensions. A good introduction to the subject is provided in [4] chapter IV. 
In particular, we will invoke the following classic results; see [4] section IV.4 for proposition 
1.5 (with exercise 4), and see [4] chapter IV corollary 3.13 and the following remark for 
proposition 1.6. 

Proposition 1.5. If G is a finite p- group whose abelian finite subgroups are cyclic, then 

G is either cyclic or a generalized quaternion group 

G = Q2k = {x,y I ' = 1, yxy~'^ = x'^'' ^ = y^), 
this last possibility being valid only when p = 2. 

Proposition 1.6 (Schur-Zassenhaus). IfG is a finite group of order mn with m prime 
to n containing a normal subgroup N of order m, then G has a subgroup of order n and 
any two such subgroups are conjugate by an element in G. 

It follows that every finite subgroup G of is contained in and determines a split 
extension 

l^P^G^C^l, 

where P := GClSn is a finite normal p-subgroup which is the p-Sylow subgroup of G, and 

C := G/P is a cyclic group of order prime to p which embeds into ¥p„ via the reduction 
homomorphism. Moreover, P is either cyclic or a generalized quaternion group if p = 2. 
If P is cyclic of order p" with a > 1, we know that n is a multiple of (p{p") = {p — l)p"~^. 

Proposition 1.7. If n is odd or is not divisible by {p — 1), then 

fGpn.l^F^n ifp>2, 

lC2(pn-i)=Fp\x{±l} ifp = 2, 

represents the only isomorphic class of maximal finite subgroups of . 

Proof. Under the given assumptions, proposition 1.3 implies that the p-Sylow subgroup 
P of a maximal finite subgroup G of is trivial if p is odd, and is {±1} if p = 2. The 
result then follows from the Skolcm- No ether theorem A. 9. □ 

By proposition 1.7, only those cases where n is even and divisible by p — 1 remain to 
be studied. Prom now on, we will adopt the following notations. 

Notation 1.8. Fix a prime p and n a multiple of p — 1. Then we define integers k and 
m to satisfy 

n= {p— l)p^~^m with {m;p) = 1, 
and for < a < A; we set 

n \n if a = 0, 



no 



(^(p") \p^~°'m if a > 0. 
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Notation 1.9. For a finite subgroup G CO^ and a commutative ring R extending Zp in 
Hn, respectively a commutative field extending Qp in D„, we denote by 

R{G) = {J2xgg\xgGR} 
geG 

the i2-subalgebra of D„ generated by G. 

For example if i? = Qp, G is a finite cyclic group and C is a generator of G, then 
Qp(G) = Qp(C) is the cyclotomic field generated by ( over Qp. 

We note that R{G) is not in general isomorphic to the group ring -R[G], although 
there is a unique surjective homomorphism of i?-algebras from R[G] to R{G) extending 
the embedding of G (seen as abstract group) into . 

1.2. Finite subgroups of with cyclic p-Sylow 

Let n = {p — l)p^~^m with m prime to p as in notation 1.8. If G is a finite subgroup 
of , it is then a subgroup of which determines an extension 

1-^P^G^G^l, 

and whose p-Sylow subgroup P = G H Sn is either cyclic of order p" for < a < k, or 
a generalized quaternion group. The latter case only occurs when p = 2; it is studied in 
section 1.3. 

For now, we fix an integer 1 < a < A; and assume that P is cyclic of order p". We 
know from proposition C.8 that Qp^P) is a totally ramified extension of degree <p{p°') over 
Qp. As P is abelian and normal in G, there are inclusions of subgroups 

P c Cg{P) c Ng{P) = G, 

and the group C = G/P injects into F^n. The following result establishes a stronger 
condition on C. 

Proposition 1.10. The group Cg{P)/P injects into ¥pna via the reduction homomor- 
phism, and Nq{P) /Cg{P) identifies canonically with a subgroup of the p' -part of Aut{P). 

Proof. First note that P generates a cyclotomic extension K = Qp{P), and Cg{P) is 
contained in Gjjx [K). By the centralizer theorem A. 6, Cn^{K) is itself a central division 
algebra over K. Since 

n = v{p")na = [Qp{P) : QpW, 

it is of dimension over its center K and has residue field ¥pna . The reduction homo- 
morphism in this division algebra induces a map Cg{P) Fpna whose kernel is P; this 
shows the first assertion. 

The second assertion follows from the facts that 

P C Cg{P) and G = Ng{P), 

and hence that Ng{P) / Cg{P) C C must be prime to p. □ 

Corollary 1.11. The group C is contained in the cyclic subgroup of order (p"« — l)(p— 1) 
in ¥^n . 
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Proof. This follows from proposition 1 . 10 and the fact that the p'-part of 

Aut{P) ^ 



Cp-i X Cpc-i if p > 2, 
C2 X C2a-2 if p = 2, 



is of order p — 1. □ 

We now proceed to the existence of such finite groups. Recall from proposition 1.3 
that has cyclic subgroups of order p° for any 1 < a < A;. 

Proposition 1.12. If Pa is a cyclic subgroup of order p"' > 1 in and v = vn^, then 

^(Cdx {Pa)) = and iV^x (Pa)/C„x (Pa) = iV^x (P„)/Cox {Pa). 

Proof. Prom the Skolem-Noether theorem A. 9, we know that 

Nj,>iiPa)/C^^{Pa)=Aut{Pa). 

This means that for any / in Aut{Pa), there is an element a in B^ such that 

f{x) = axa~^ for all x G Ka = Qp(-Pa)- 

As explained in appendix C, the fact that Ka is a totally ramified extension of Qp implies 
that the value group of Cpx (Ka) is that of B^ ; in other words 

v{C^^iPa)) = 

Hence there is an element b in C^x (Ka) such that 

v{ab) = and {ab)x{ab)~^ = axa~^ = f{x) 
for all X G Ka- In particular ab G and 

N^x {Pa)/CQX (Pa) = Aut{Pa), 

as was to be shown. □ 

Lemma 1.13. If Pa is a cyclic subgroup of order p"' > 1 in B^, the image of N^x^Pa) 
in Fpn via the reduction homomorphism is cyclic of order {p""^ — l){p — 1). 

Proof. Since the residue field of the division algebra 

CnMpiPa)) = CnJPa) 

is Fpna , the image of C^x {Pa) = Cpx {Pa) n via the reduction homomorphism is cyclic 
of order p"" — 1 in F^n. Furthermore, there is a canonical surjection 

NQx{Pa) Aut{Pa) Cj,_i. 

Clearly, C^x {Pa) is in the kernel of this projection, and since p — 1 is prime to p, the 
p-Sylow subgroup of N^x{Pa) must be contained in the kernel as well. It follows that 

Nqx {Pa) contains a group which is sent surjectively onto Cp-i and whose iiiicLge ill IFpTi is 
the cyclic subgroup of order (p*^" — l){p — 1). □ 
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Theorem 1.14. For each 1 < a < k and each cyclic subgroup Pa of order p" in D^, 
there exists a subgroup Ga of such that 

Get ^ Sn = Pa and Gal Pa — C(p"a-l)(p-l) ^ Fp„. 

Proof. We want to show that the cyclic subgroup of order (p"" — l)(p — 1) in F^n obtained 
from lemma 1.13 can be lifted to an element of finite order in N^x {Pa)- 

Let X be an element of order — l)(p — 1) in F^n. By lemma 1.13, x has a preimage 
X in N^x {Pa) generating by conjugation an element of order p — 1 in Aut{Pa)- The closure 
(x) in of the group generated by x fits into the exact sequence 

1 — >H — >{x) — >C — ^ 1, 

where 

H={x)n Sn and C = (x) /H. 

The group H being a cyclic profinitc p-group, it must be isomorphic to or to a finite 
cyclic p-group. As / := |C| is prime to p, any element in H is /-divisible, and because 
x' G H, there is a y G such that x' = yK Since x,y e (x) commute with each other, 
{xy^^y = 1 and xy~^ is the desired element of finite order in ATjjx {Pa)- D 

Remark 1.15. One can show that the isomorphism class of such a Ga is uniquely deter- 
mined by a. This however is a consequence of the uniqueness of Ga up to conjugation, a 
fact established in theorem 1.31 and 1.35. 

1.3. Finite subgroups of with quaternionic 2-Sylow 

Continuing our investigation of the finite subgroups G of , we now consider the case 
where the p-Sylow subgroup P of G is non-cyclic. Wc know from proposition 1.5 that in 
this case p = 2 and P is a generalized quaternion group (52« with a > 3. Throughout this 
section we assume p = 2. 

We first look at the case n = 2. Consider the filtration of Z2 = Z/2 x Z2 given by 

Ui = Ui{Z^) = 1 + 2'Z2 = {xeZ^ I X = 1 mod 2^}, for i > 1. 
As —7 = 1 mod 2^, we have 

-7eUs = {Z^)\ 
So let p be an element of Z2 such that = —1. 
Remark 1.16. By remark C.5, we know that 

D2 = Q2{oj){S)/{S^ = 2,Sx = x''S) 
= Q2(a;)(T)/(r2 = -2,Tx = x"T), 

for oj a primitive third root of unity which satisfies 

l+LJ + Oj'^ = 0, 

and for S, T two elements generating the Probenius a. Letting T = x + yS G B2 ^'^^ 
x,y & Q2('^), we have 

~2 = T^ = {x'^ + 2yy'') + {xy + yx'')S ^ 



x^ + 2yy'' = -2 
xy + yx"^ = 0. 
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Taking for solution 

3 + 2a; , ^ 3 + 2a; ^ 

x = and y= , so that T= b, 

P P 

we obtain an isomorphism between tliese two representations of D2 . 

Via these representations, we may further exhibit an exphcit embedding of Qs = {hj) 
into D2 following way. We first look for an element i = a + hT with a, 6 G W(F4) 

satisfying 

-1 = ^2 = (^2 _ 2^5^^ + {a + a'')hT. 

Hence either 6 = 0ora + a'^ = 0. The first case being impossible as = —1 has no 
solution in W(F4), we must have a + a*^ = 0. A possible solution is 

meaning that 

i = l(l + 2a;)-^(l + 2a;)r 

= l(l + 2a;) + ^(l-4a;)5. 

We then look for an element j = a' + b'T with a',b' G W(F4) satisfying = _i and 
ij = —ji, in other words 

(a'2-26'6"^) + (a' + a'")6'r = -1 
and {aa' - 2^) + {ah' + ha"')T = -{a' a - 2h'W) - {a'b + b'a'')T. 

As a + a*^ = and a = —b = b"^ , these relations are equivalent to 

ja' + a"" = ja' + a'" = 

{2aa' = 2{bb'^ + b'b") = 2b{b"' - b') ^ \a' = b' - h'^ . 

A possible solution is 

a' = a = ^(1 + 2a;) and 6' = (1 + a;)a' = ^(-1 + a;), 



meaning that 

3 = ^(l + 2aj) + ^(-l + a;)T 
= ^(l + 2a;)-^(5 + a;)5. 

Proposition 1.17. The quaternion group Qg embeds in if and only if n = 2 mod 4. 

Proof. The Q2-algebra Q2(i,j) generated by {i,j) = Qs is non-commutative and is at 
least of dimension 4 over Q2- By remark 1.16 we know that Q2(i) j) ^ 1^2) and it follows 
that Q2{i,j) = ^2- Thus in particular, Qs embeds in if and only if ©2 does, and by 
corollary C.12 this happens if and only if n = 2 mod 4. □ 
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Remark 1.18. Using the elements i and j obtained in remark 1.16, and defining 

k := ij = -^(1 + 2c^) - §^(4 + 5^)-^' 

we note that 

uj^iuj~'^ = ujjuj'~^ = —k. 

This impHes that the group 

r24:=g8XC3 = (i,J» 

embeds as a maximal finite subgroup of ©2 • This group of order 24 is the binary tetrahe- 
dral group; it is explicitly given by 

T24 = {±1, ±i, ±j, ±k, ^(±1 ±i±j± k)}. 
Prom proposition 1.17, we have obtained 

Proposition 1.19. A generalized quaternion subgroup o/B^ is isomorphic to Qg. 
Proof. Assume that Q20+1 embeds as a subgroup of for a>2. Then Qs embeds and 

n = 2 mod 4 

by proposition 1.17. On the other hand, the cyclic group embeds as well and generates 
a cyclotomic extension of degree </'(2") = 2'^~^ over Qp. Hence 

n = mod 2°''^ 

by the embedding theorem. Therefore a = 2. □ 
Proposition 1.20. If Qs is a quaternion subgroup o/B^ and v = v^^, then 

«(Cd^ (Qs)) = ^Z, v{N^. (Qs)) = ^Z, 
and N^x{Q8)/C^^x{Qs) injects into Njj^x{Qs)/Cj^k{Q8) o,s a subgroup of index 2. 
Proof. Using the centralizer theorem A. 6, together with remark 1.18, we know that 

Bn = Q2(Q8) ^QjCdJQs), 

where Cj$^{Qs) is a central division algebra of dimension n^/4 over Q2 whose ramification 
index is e{Cjii^{Qs) /Q2) = n/2 by proposition C.l. In particular, 

<c„^{Qs)) = l^- (*) 

Now the existence of Qs in B^ implies by proposition 1.17 that n = 2 mod 4, so that 
n = 2(2r + 1) for an integer r > 0. As 2 and 2r + 1 are prime to each other, there are 
integers a,b > 1 satisfying 

(2r + l)a + 26=l ^ | + ^ = 
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By (*) we can choose an element x G C^x {Qs) having valuation 2/n = 1/ (2r + 1). On the 
other hand since 

+ + = k e Qs and {l + i)'^ = 2i, 

we know that 1 + i is an element of Njj^x {Qs) having valuation 1/2. We thus have found 
an element (1 + i)"'x'^ in iVjjx (Qs) of valuation 

v{{l + = avil + i) + bvix) = ^ + = i 

so that 

This result, together with (*), implies the last assertion of the proposition. □ 
Proposition 1.21. \Aut{Qs)\ = \Aut{T24) \ = 24. 

Proof. Let Qs = and T24 = {Qs,uj) with k,oj as defined in remark 1.16 and 1.18. 

Counting on which of the 6 elements {=bi, ibj, zizk} of order 4 the generators i and j may be 
sent via an automorphism, we know that |Ant(Q8)| divides 24. The inner automorphism 
group of Qs has order |(58/{±1}| = 4; it is generated by conjugation by i and j. Let 

CQs ■ T24 — > Aut{Qs) 

be the conjugation action of Qs by elements of T24. As noted in remark 1.18, the conju- 
gation by CO has order 3, and hence the cardinality of the image of cq^ is 12. Since the 
element (1 + i) G ^^^s by conjugation on by i i and j i-> k, it follows that the 
automorphism of Qs induced by (l+i) is not in the image of CQg. Because \Aut{Qs)\ < 24, 
we obtain \Aut{Qs)\ = 24. 

Now using that Qs is the (normal) 2-Sylow subgroup of T24, consider the canonical 
map if : Aut{T24) — )■ Aut{Qs); it is surjective since (1 + i) also induces an automorphism 
of T24. Let a G Aut{T24) be such that cr|Qg = idq^. Then for any t G T24 and g G we 
have 

CQ8(^(*))(9) = (T{t)qa{t)-' = u{tqr^) = tqi'^ = CQ,{t){q). 

Hence a(t)t^^ <E Ker\cQ^) = {±1} and a{t) = ±t for any t G r24. In fact, t = sq with 
q E Qs and s an element of order 3 in T24, and we have 

a{t)t~^ = a{s)a{q)q~^s~'^ = a{s)s~^. 

Because s is of order 3 and —s is of order 6, the case a{t) = ~t is impossible and wc must 
have a{t) = t for all t G r24. Therefore the map Lp is bijective, and as \Aut{Qs)\ = 24, it 
follows that \Aut{T2i)\ = 24. □ 

Now assume n = 2m with m odd and consider a finite subgroup G of whose 2- 
Sylow subgroup P is isomorphic to Qs- Such a group determines a subgroup C = G/P oi 

Proposition 1.22. If G is a finite subgroup o/D^ with a quaternionic 2-Sylow subgroup 
P = Qg^ then G/P embeds into the cyclic subgroup of order 3(2"* — 1) in F2n. 
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Proof. Recall that Q2(P) = and note that Cg(-P) is contained in 

Cd^ {p) = (Q2(P)) = c„x (D2) 

which consists of the non-zero elements of a central division algebra of dimension m? over 
Q2. Its residue field is F2m, and Cg{P) / P^Cg{P) = P-Cg{P)/P injects via the reduction 
homomorphism into Fgm • 

Furthermore, we have an injection 

Ng{P)/Cg{P) iV^x(P)/C7^x(P) C N„.{P)/C„.iP) - AutiQs), 

where the last isomorphism is due to the Skolem-Nocthcr theorem. Since [^^^(Qs)! = 24, 
proposition 1.20 implies that \Ng{P) /Cg{P)\ divides 12. As P n Cg{P) = {±1} is of 
index 4 in P, we know that Cg{P) is of index 4 in P • Cg{P), and consequently that 
P ■ Cg{P) is of index a divisor of 3 in Ng{P). 
We have thus obtained a chain of subgroups 

P C P . Cg{P) C Ng{P) = G, 

where the first group is of index a divisor of 2"* — 1 in the second group, and the latter is 
of index a divisor of 3 in the third group. □ 

Theorem 1.23. Ifp = 2 and n = 2m with m odd, the group 

T24 X C2m-i = X C^2"^-l) 
embeds as a maximal finite subgroup of . 

Proof. By the centralizer theorem 

©n = ©2 ®Q2 Cd„(B2) = Q2((38) ®Q2 (^dJQs)- 

By remark 1.18, T24 = Qs x C3 embeds as a subgroup of ; ™ore precisely Q2(724) = B2. 
Moreover, since Cd„(D2) is a central division algebra of dimension over Q2, its maximal 
unramified extension of degree m over Q2 contains a cyclic subgroup C2"i-i of order 2"^ — 1 
which centralizes r24. Since m is odd, 2™ — 1 is not a multiple of 3 and contains a 
subgroup isomorphic to 

r24 X C2"i-l = Qs X C3(2"i_i); 

its maximality as a finite subgroup then follows from proposition 1.22. □ 
Corollary 1.24. The center ofT2A x €2"^-! is 

Z(T24: X C2"i-l) = {il} X C2"T--1 = C'2(2'"-l)- 



Proof This follows from the proof of theorem 1.23 and the obvious fact that the center 
of Qs is {±1}. □ 
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1.4. Conjugacy classes in S„ 

In this section, we establish a classification of the finite subgroups of up to conju- 
gation. We say that two subgroups Gi,G2 C are conjugate in , respectively in , 
if there is an element a in , respectively in , satisfying 

aGia'^ = G2. 

We will see that two finite subgroups Gi and G2 whose respective p-Sylow subgroups 
Pi and P2 are isomorphic, and for which the quotient groups Gi/P\ and G2/P2 are also 
isomorphic, are not only isomorphic but even conjugate in . This will imply that the 
maximal subgroups of are classified up to conjugation by the type of their p-Sylow 
subgroups. To do this, we will exploit the tools of nonabelian cohomology of profinite 
groups as introduced in [23] chapter I paragraph 5. 
For any subgroup G of a group H, we set 

Sh{G):={G' <H \G' ^G} and Ch{G) := Sh{G)/ 

where designates the relation of conjugation by an element in H. 

Lemma 1.25. If P is a finite p-subgroup of , then \C^x{P) \ = 1. 

Proof. Let Q be a finite p-subgroup of isomorphic to P. We have seen that these 
two groups are either cyclic or quaternionic. In either case, the Skolem-Noether theorem 
implies the existence of an element a in such that 

QpiQ) = aqp{P)a-\ 

In the cyclic case, this clearly implies Q = aPa~^. In the quaternionic case, this yields 
two quaternion groups Q and aPa~^ within Q2(Q) — ^2 which we can use Skolem- 
Noether once more to obtain an element a' G Q2(Q) such that Q = a'aP{a'a)~^. Now by 
proposition 1.12 and 1.20, we know that 

viN^.iP)) = h = viB^). 

Thus there is an element b in such that 

v{ab) = and P = bPb~^, 

and ab is an element of conjugating P into Q. □ 

Lemma 1.26. Let P be a profinite p-group of the form, P = lim„ P„ where each P„ is 
a finite p-group and the homomorphisms in the inverse system are surjective, and let R 
be a finite group of order prime to p which acts by group homomorphisms on all Pn in 
such a way that the homomorphisms in the inverse system are R-equivariant. Then the 
(nonabelian) cohomology group H^{R,P) is trivial. 

Proof. Denote by jn : Pn — > Pn-i the homomorphisms of the inverse system, and consider 
the map S : n„ Pn Hn defined by 



S{fn) = (-ir/n + (-l)"+Vn+l(/n+l), 
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for / = (/„) G Yln^n- Then note that S is surjective and that Ker{S) is the set of all 
/ = ifn) € Hn -fn such that jn{fn) = fn-1 for all n. Hence there is a short exact sequence 

n n 

which induces a long exact sequence 

l^pR^HpR^HpR^ H\R, P) ^ H\R, n Pn) ^ H\R, [] Pn), 

n n n n 

where P^, respectively P^, denotes the i?-invariants. Using the canonical isomorphism 

H\R,^Pn)^'[lH\R,Pn), 

n n 

and noting that each group H^{R,Pn) is trivial by the Schur-Zassenhaus theorem 1.6, it 
is enough to show that the homomorphism 

n n 

in the above exact sequence is surjective, and hence that each homomorphism j^^i : 
Pn+i Pn is surjective by the definition of 6. 

For each n, let Kn+i be the kernel of the map jn+i ■ Pn+i Pn- For each short exact 
sequence of finite p-groups with action of R 

1 > Kn+l > Pn+l ^ P-n ^ 1) 

there is an associated exact cohomology sequence 

1 K^^, P^^, P^ H\R, Kn+,). 

Applying the Schur-Zassenhaus theorem once more, we obtain that H^{R, Kn+i) is trivial 
and that the homomorphism is surjective. □ 

We recall the following fact from [23] chapter I §5.1: 

Lemma 1.27. If P is an R-group with trivial (nonabelian) H^{R,P), and if 

1 — > P — > N — > R — ^ 1 

is a split extension, then two splittings of R in N are conjugate by an element in P. 

Theorem 1.28. Two finite subgroups Gi and G2 of with respective isomorphic p- 
Sylow subgroups Pi = P2 and isomorphic quotient groups Gi/Pi = G^jPi o-fe conjugate 
in 01 . 

Proof. The groups Gi and G2 fit into exact sequences 
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where C is the subgroup of F^n isomorphic to G\IP\ = G^jP^- We know from lemma 1.25 
that Pi and P2 are conjugate in O^. By conjugating G2, we can therefore assume that 

Pi = P^=.p and Gi, G2 C AT^x (P). 

Moreover, the latter groups fit into a split exact sequence 

1 — > AT^x (P) n 5„ ^ {P)^R^ 1, 

where P C F^n is a finite cyclic group of order prime to p containing C. It follows from 
lemma 1.26 that H^{R, N^x (P) HSn) is trivial, and hence by lemma 1.27 that Gi and G2 
are conjugate in A^^^x (P) C . □ 

Remark 1.29. Alternatively, we may directly apply [19] theorem 2.3.15, which shows 
that if K is the p-Sylow subgroup of a profinite group G, then there is up to conjugation 
in G a unique closed subgroup H oi G such that G = KH and K n H = 1. Indeed, since 
in our case both extensions 

1 ^ P ^ Gi ^ G ^ 1 

1 ^ P ^ G2 ^ G — > 1 

are split by the Schur-Zassenhaus theorem, we obtain that both of the corresponding 
sections are conjugate in Nqx{P), and hence that Gi and G2 are conjugate in Nqx{P). 

Corollary 1.30. Two finite subgroups of are conjugate if and only if they are iso- 
morphic. □ 

Theorem 1.31. Ifp is an odd prime and n = {p — l)p^~^m with m prime to p, the group 
§„, respectively D^, has exactly k + l conjugacy classes of maximal finite subgroups; they 
are represented by 

Go = Cpn_i and G^ = Cpa x G(pna_i)(p_i) for 1 < a < k. 

Moreover, when p—1 does not divide n, the only class of maximal finite subgroups is that 
of Go. 

Proof. First note that proposition 1.7 and theorem 1.28 imply that there is a unique 
maximal conjugacy class Gq of finite subgroups of order prime to p in = Sn, respectively 
in by proposition 1.1, and that this class is the only one among finite subgroups if n 
is not a multiple of p — 1 . 

Now assume that 1 < a < A;. By theorem 1.14, there is a finite subgroup Gq in 
realized as an extension 

1 > Cpot >■ Ga > C'(pna_l)(p_l) > 1, 

where 

Cpa = Gee l~l Sji and Ga/Cpa = G(pna-l)(p_l) C Fp„. 

The Schur-Zassenhaus theorem implies that this extension splits, in other words that 

Ga = Cpa XI G(pnQ_i-)(p_i-). 

Corollary 1.11 and theorem 1.28 ensure that Ga represents the unique maximal conjugacy 
class of finite subgroups of = S„ which have a p-Sylow subgroup of order p". □ 
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Corollary 1.32. If p > 2 and 1 <a<k, then 

Proof. This follows from theorem 1.31 and proposition 1.10, where the latter shows that 
embeds into Z{Ga) and that C(pna-i)(p_i)/C(pna-i) = Cp-i acts faithfully on 

The following case can be explicitly analyzed. As noted in remark 1.34, this provides 

a counter example to the main results of [11]. 

Example 1.33. Assume that p is odd and n = {p— l)p^~^m with (p; m) = 1. Let uj G 
be a primitive (p" — l)-th root of unity in O^. Define 

X:=u'^SeO^ and Z := with Z = 

p-l 

A simple calculation shows 

We can show (see [9] lemma 19) that Q.p{Z) contains a primitive p-th root of unity Cp- 
Because the fields Q,p{Z) and Qp(Cp) are of the same degree p—l over Qp, they must be 
identical. We set 

K:=Qp(Z) = Qp(Cp). 
We note that — 1 is divisible by (p' — l){p— 1) and let 

We have 

for a primitive (p — l)-th root of unity in O^. Hence r induces an automorphism 
of K of order p — 1 which sends to another root of unity of the same order, and r 
normalizes the group generated by C,p. The group G generated by (p and r is clearly of 
order p{p^ — l)(p — 1); it is therefore maximal. Since X commutes with all elements of K, 
it necessarily commutes with Qp. Moreover the fact that 

XtX-^ = tP 

shows that X belongs to the normalizer N^x{G). The valuation of X is ^ by definition, 
and we have 

viN„.{G)) = h. 

As in lemma 1.25, we can then apply the Skolem-Noether theorem to obtain that there is 
only one conjugacy class of subgroups of O^^ that arc isomorphic to G. 

In particular, if p = 3 and n = 4, then A: = 1, m = 2, the order of u is 80, and a 
maximal finite 3-Sylow subgroup in is isomorphic to C3. Here 

X = ujS, Z = u^S'^ and Z"^ = -3. 

In order to find an element C,^ in Q3(X^), we may solve the equation 



{x + yZf = 1 with x,ye Q3. 
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We find x = iby with x = — ^ , from which we obtain the primitive third roots of unity 

Q^ = -\{l + u^S') and Cl = -^(l-'^'5') 
in the field Q3(Z). Here r = is of order 16 and we easily verify the relations 

showing as expected that 

v{N^. (Ca X C2(32_i))) = |Z and \Cq. (C3 x C2(32_i))| = 1. 

Remark 1.34. Theorem 1.31 and example 1.33 (in particular the case where n = 4 and 

p = 3) bring a contradiction to the main results of [11]. In the latter, a central result 
concerning the nonabelian finite groups when p > 2 is proposition 3.9: it states that for 
a > 1 the normalizer of in has valuation group 

n n 

where / denotes the residue degree of the given cyclotomic extension. As a consequence 
of this incorrect result propositions 3.10 to 3.12 in [11] are incorrect as well. 

Theorem 1.35. Let p = 2 and n = l^'^m with m odd. The group respectively D^, 
has exactly k maximal conjugacy classes of finite subgroups. If k 2, they are represented 
by 

Ga = C2c{2na-i) for l<a<k. 

If k = 2, they are represented by Ga for a ^ 2 and by the unique maximal nonabelian 
conjugacy class 

Qs XI C3(2m_i) = T24 X C2'"-l, 

the latter containing G2 as a subclass. 

Proof. The argument for the cyclic classes Ga is identical to that of theorem 1.31 except 
that in this case Go = C2"-i is contained in Gi. 

Furthermore, proposition 1.19 ensures that a nonabelian finite subgroup may only 
exist in = S„, respectively in , when its 2-Sylow subgroup is isomorphic to Qg, and 
proposition 1.17 shows that such a group occurs if and only if A; = 2. In fact, assuming 
k = 2, the group Qs x C3(2m-i) embeds in as a maximal finite subgroup by theorem 
1.23, and its conjugacy class is unique among maximal nonabelian finite subgroups by 
theorem 1.28. □ 

Remark 1.36. Theorem 1.35 contradicts theorem 5.3 in [11]. According to the latter, 
we should have two distinct conjugacy classes in for the finite groups containing 
T24 = Qs X C3. Letting Inn{T2A) and Out{T2A) denote the inner and outer automorphisms 
of T24, the error occurs before theorem 5.1 where it is said that Out{T24) is trivial. This 
is absurd given that 

\Aut{T24)\ = 24 and Inn{T24) = r24/{±l}. 



All results given in section 5 of [11] are then wrong in this case. 
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Corollary 1.37. The abelian finite subgroups of are classified up to conjugation in 
, respectively in B^, by the pairs of integers {a,d) satisfying 

<a<k and I <d \ p"" - 1; 

each such pair represents the cyclic class Cpa^. 

Proof. By corollary 1.30, the finite cyclic subgroups are classified up to conjugation by 
their isomorphism classes. The result then follows from the maximal finite classes provided 
by theorem 1.31 and 1.35. □ 

Remark 1.38. We restricted ourselves in considering the finite subgroups of as split 

extensions of subgroups of F^n by finite p-subgroups in Sn- It is also possible to express 
these finite groups as subextensions of short exact sequences of the form 

1 — ^ C'd^ (Q)") — ^ -^D^ (Q)") — ^ Aut{Cp>x) — )■ 1, 

as induced by the Skolem-Noether theorem. A finite group of type Ga C can be seen 
as a metacyclic extension 

1 ^ (A) ^ ^ {B) 1, 

with 

{A) = G'^x Z{Ga) and {B) ^ Cp_i, 

where G'^ denotes the commutator subgroup of Ga- The classification given in [10] follows 
this approach, but has the disadvantages of being less direct and relying on a classification 
previously established in [1]. 



Chapter 2: 

A classification scheme for finite subgroups 



We fix a prime p, a positive integer n which is a multiple of (p — 1), and a unit u E 7,p . 
Given these, we adopt notation 1.8. In this chapter, we provide necessary and sufficient 
conditions for the existence of finite subgroups of 

whose intersection with S„ have a cyclic p-Sylow subgroup. The remaining case of a 
quaternionic 2-Sylow will be treated in chapter 4. 



2.1. A canonical bijection 

Let 

denote the canonical homomorphism. In order to study a finite subgroup F of Gn{u), it 
is often more convenient to analyse its preimage 

For any group G we define T{G) to be the set of all finite subgroups of G; and if G is a 
subgroup of we define Fu{G) to be the set, eventually empty, of all subgroups of G 
which contain [pu) as a subgroup of finite index. 

Proposition 2.1. The map tt induces a canonical bijection 
This bijection passes to conjugacy classes. 

Proof. For any F G J^(G„(tt)), it is clear that (pu) is a subgroup of finite index in 7r~^(F). 
Moreover, the fact that tt is surjective implies that 7r7r~^(F) = F. On the other hand, for 
G G -Fu(D^), as Ker^ir) = {pu) is always a subgroup of G, we have 7r~^7r(G) = G. 

In order to show the second assertion, let Fi,F2 be two subgroups of G„(ti) with 
Fi = 'K~^{Fi) for i G {1,2}. If there is an element a G such that F2 = aFia~^, then 
since tt is a group homomorphism we have 

F2 = Tr{aF\a~^) 

= 7r{a)7r(Fi)TT{ay^ 
= 7r(a)Fi7r(a)-^ 

Conversely, if F2 = bFib~^ for some b G G„(ii), and if 6 G satisfies 7r(6) = b, then from 
the above identity we have 

7r(6Fi6-i) = F2, 

as was to be shown. □ 
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Remark 2.2. In a similar way, the map tt induces a bijection between the set of all 
subgroups of Gn{u) and the set of all subgroups of containing (pu). 

Notation 2.3. For a subgroup G of G„(u), we denote by 

G = Tr-\G) 

its preimage under the canonical map tt : — )■ G„(it). From now on, when introducing 
a tilded group, its non-tilded correspondent will be implicitly defined. 

Remark 2.4. The valuation v = vj],^ : p 1 on induces a commutative diagram with 
exact rows and columns 

{pu) — - — Z 
\ 

1 .px^^i^ ^1 

TT 

1 ^ S„ ^ Gn{u) ^Z/Z > 1. 

Subgroups of S„ can therefore be considered as subgroups of both Gn{u) and B^. 
Proposition 2.5. If F C §„, i/ien F = F x {pu). 

Proof. This follows from the exact commutative diagram of remark 2.4 and the fact that 
(pu) is central in . □ 

2.2. Chains of extensions 

For F a finite subgroup of Gn{u) such that F H Sn is cyclic, we set 
G:=FnSn and := (F n ^p^G)), 

for Sn the p-Sylow subgroup of §n and Zpi{G) the p'-part of the center .Z'(G) of G. As 
previously seen, Fq is the maximal abelian subgroup of G equal to P x Zp' (G) for P the 
cyclic p-Sylow subgroup of G. 

Remark 2.6. From proposition 2.5, we know that 

Fo = FqX (pu). 

Remark 2.7. By definition, G consists of the elements of F which are of valuation zero 
in . Hence G is normal in F and there is a short exact sequence 

1 — >G — >F — y F/G — > 1, 

where the quotient embeds via the valuation into ^Z/Z. 

Proposition 2.8. We have 

C^o) = C^{Fo) D Fo and Gf{Fo)/Fo = C^(Fo)/Fo. 
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Proof. It is obvious that 

and the second assertion is a direct consequence of the firstjDne. 

It remains to check that Cf{Fq) C Cp{Fo). If x G Cf{Fq) and / G Fo, then there is a 
unique element z = z{x, /) G (pu) such that 

Because {pu) is central, we have 

z{xjg) = z{x,f)z{x,g), 
for every f,gE: Fq. This yields an exact sequence 

1 C~{Fo) CAFq) Hom{Fo, (pu)), 

where the image of x is the homomorphism / z(x, /). As stated in remark 2.6 we know 

that Fo = Fo X (pu). Because (pu) is central, the image of Cf{Fo) in Hom{FQ, {pu)) is 
contained in the subgroup of those homomorphisms which are trivial on {pu) C Fo and 
hence factors through Fo. Because Fq is finite and {pu) is torsion free, it follows that this 

image is trivial and Cp(Fo) = Ci?(Fo). □ 
Proposition 2.9. We have 

F = Nf(Fq) and F = N~{Fq). 

Proof. Because P is the unique p-Sylow subgroup of G = F H §„, it is a characteristic 
subgroup of G. Moreover as Fq = P x Zpi{G) and Zp/{G) is also a characteristic subgroup 
of G, it follows that Fq is a characteristic subgroup of G; in other words 

A^g„h(G) ^ A^G„(«)(^o) and N^. (G) C (Fq). 

Since G is by definition normal in F, its subgroup Fo is normal in F. Proposition 2.1 
finally implies that Fq is normal in F. □ 

Corollary 2.10. There are short exact sequences 

l^Fo^F^ F/Fo 1, 

1 — >F}) — yF — y F/Fq — > 1. 

Proof. This follows from that facts that Fq is normal in F, Fq is normal in F, and that 
F/Fq ^ F/Fq. □ 

Note that in we have Qp(Fo) = Qp(Fo), and there are inclusions 

Fo C Qp(Fo)x C C7„x(Fo) C N„.{Fo). 

Given F and Fo, the second extension of corollary 2.10 can then be broken into three 
pieces via the chain of subgroups 

Fo C Fx C F2 C F3 = F 

defined by: 
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• Fi:=FnQp{Foy; 

. F2:=FnC„.{Fo) = Cp{Foy, 

• Fs:=Fn 7V„. (Fo) = N~{Fo) = F. 

Clearly the groups Fq, Fi are abelian, and since F2/F0 = F2/F0 C IZ/Z is cycHc by 
proposition 2.8 and^remark 2.7, the^oup F2 is also abelian. Moreover we note that for 
< i < 2, each F^ is normal in Fi+i. In particular, any finite subgroup F C 
determines successive group extensions with abelian kernel 

1 ^Fi^ F^i^ F^i/Fi^l for < z < 2. 

In the following sections, we analyse these extensions recursively. 

Remark 2.11. For Fq the situation is completely understood from chapter 1 (see corollary 
1.37), where we have shown that the conjugacy classes of 

are classified by the pairs of integers (a, d) satisfying 

< a < A; and 1 < d | - 1. 

2.3. Existence and uniqueness in cohomological terms 

The following general approach will be appHed to the Fj's that can be understood 
through extensions with abelian kernel. 

Let p : G ^ Q he a group homomorphism whose kernel Ker(p) is not necessarily 
supposed to be abelian. Let A be an abelian normal subgroup of G which is contained in 
the center of ker{p), and let S be a subgroup of Im{p). 

GpiG, A,B) :={H <G \ Hn Ker{p) = A and H/A ^ B via p}. 

When Ker{p) is abelian, we let Cp G H'^{Im{p), Ker{p)) denote the cohomology class of 
the extension 

1 Ker{p) -^G — ^ Im{p) 1, 

and we define ep{B) G H^{B,Ker{p)) to be the image of Cp under the map 

f = H^{j,Kerip)) 
induced by the inclusion j of B into Im{p) . 

Theorem 2.12. If Ker{p) is abelian, then the set Qp{G,A,B) is non-empty if and only 
if ep{B) becomes trivial in H^{B,Ker{p)/A). 

Proof. Let H be an element of Qp{G, A, B), and let en G H^{B, A) be the extension class 
of 

1 — > A — > H — > B — ^1. 
Define H' to be the pushout of the diagram 

Ker{p) A ^ H 
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given by the canonical inclusions of A into Ker{p) and H respectively. Then H' fits into 
the commutative diagram 



A 



H 



1 ^ Ker{p) ^ H' 



B 



1, 



where the horizontal sequences are exact; the top extension class being ejy, and the bottom 
extension class being i%{eH), the image of en via the map i*^ = H'^{B,i). Furthermore, 
define G' to be the puUback of the diagram 



B 



G > Im{p) ^ 

given by the canonical inclusions of G and B into Im{p) . Then G' fits into the commutative 
diagram 

1 > Ker{p) > G' > B > 1 



1 > Ker{p) > G > Im{p) > 1, 

where the horizontal sequences are exact; the top extension class being ep{B), and the 
bottom extension class being Cp. Prom the universal properties of the pushout and the 
pullback, the above maps 

H ^B and Ker{p) G 
determine a homomorphism from H' to G' merging the above diagrams into 

1 ^A ^B ^1 



1 ^ Ker{p) ^ H' ^ B 



1 ^ Ker{p) ^ G' 



B 



1 9- Ker{p) G ^ Im{p) 1, 

so that i^(eH) = ep{B). Now we have a short exact sequence 

1 — >A^ Ker{p) — > Ker{p)/A — > 1, 
which induces an exact sequence in cohomology 

H^{B,A) ^ H^{B,Ker{p)) — > H'^{B, Ker{p)/A). 

Since 

ep{B)eH''{B,Ker{p)) 
is in the image of i*^, it must become trivial in H^{B, Ker{p)/A). 
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Conversely, if ep{B) becomes trivial in H'^{B,Ker{p)/A), then there is an element en 
in H'^{B,A) satisfying i*^{eH) = ^p{B). This means that there is an extension 

1 — > A — >H — >B — ^1, 

and a connecting map from the pushout H' to the puUback G' which induces the commu- 
tative diagram 

1 ^A ^B >1 

i 3 
Y Y Y 

1 Ker{p) G Im{p) > 1, 

with H eGpiG, A, B). □ 

Remark 2.13. We may interpret theorem 2.12 by saying that Qp{G, A, B) is non-empty 
if and only if the associated extension 

1 Ker{p)/A — > G/A — > Im{p) — > 1 

splits when pulled back to S C Im(p). 

Denote by Gp{G, A, B) / ^Ker(p) set of orbits with respect to the conjugation action 
of Ker{p) on Qp{G, A, B). Given a distinguished element Hq in Qp{G, A, B), we have an ac- 
tion of B on Ker{p)/A induced by the conjugation action of G on Ker{p). Indeed, since A 
is normal in G, this conjugation action determines a homomorphism G — > Aut{Ker(p) /A), 
which in turn descends to a homomorphism G/A — ^ Aut{Ker{p) / A) as A is in the center 
of Ker{p). We thus obtain a canonical homomorphism 

B ^ Hq/A C G/A Aut{Ker{p)/A), 

which allows us to consider H^{B, Ker(p)/A). The latter can be identified with the set of 
i^er(/9) /yl-conjugacy classes of sections of the split extension of remark 2.13, as explained 
in [4] chapter IV proposition 2.3 for the abelian case and [23] chapter I section 5.1 (see 
exercise 1) for the nonabelian case. 

Theorem 2.14. If Qp{G, A, B) is non-empty and Hq is an element of Op{G,A,B), then 
there exists a bijection 

^H, ■ H\B,Ker{p)/A) Qp{G,A,B)/ ^Ker{p), 

which depends on the choice of Hq . 

Proof. Let S{B, vr) denote the set of all sections s : B ^ G/A of the canonical projection 
TT-.G/A^ G/Ker{p), that is 

S{B, vr) := {group homomorphism s : B G/A \ (tt o s){b) = b for all b G B}. 

For any s G S{B, tt), we denote hy s : B ^ G the choice of a set theoretical lift of s. This 
defines maps 

gp{G,A,B) ^S{B,7:) 

H^s:B^ H/A G/A, 



S{B,Tr) ^gp{G,A,B) 
s^{A,siB)), 



2.4. The first extension type 
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which can easily be checked to be mutually inverse to each other and compatible with the 
obvious actions of Ker(p) by conjugation. The desired result then follows from the usual 
interpretation of H^{B,Ker{p)/A) as conjugacy classes of sections. □ 



2.4. The first extension type 

In this section we consider the first extension in the chain of section 2.2. Recall that 
for a given subgroup F G ^„(B^), we let Fq be such that Fq = {F n Sn, Zp/{F D §„)). 

Lemma 2.15^Let Hq he an abelian finite subgroup of S„, Ho = Hq x {pu), and let 
Tu{Qp{Ho)'' , Ho) be the set of all F e Tu{Qp{Ho)'') such that 

• Hq C F, and 

• the valuation v : F ^ induces a monomorphism F/Ho ^^Z^- 
IfFe ^„(Qp(i^o)^ ^o), then Fo = Ho- 

Proof. By assumption on F, we have in G„('u) 

Ho = Ker{v : F Z/n) = F n S„ = Fq, 
and therefore Ho = Fo. □ 
We now fix Fq and analyse the set ^u{Qp{Fo)^ , Fo) of all Fi G ^u{Qp{Fo)^) such that 

• Fi contains Fo as a subgroups of finite index, and 

• Fi/Fo injects via v into ^Z/Z. 

Lemma 2.15 ensures that the elements of J^u{Qp{Fo)^ , Fo) are extensions of the form 

l^Fo^Fi^ Fi/Fo 1 

with (Fi n Sn, Zpi{FinSn)) = Fo. By definition, such an extension fits into a commutative 
diagram 

1 ^Fo ^Fi ^Fi/Fo >1 



1 >Z^(Fo)x X {pu) -Qp(Fo)x >^^^-i^Z/Z -1, 

where e(Qp(Fo)) denotes the ramification index of Qp(-fo) over Qp, where the horizontal 
maps form exact sequences and where the vertical maps arc the canonical inclusions. As 

-Z/Z ^ Z/e(Qp(Fo)), 



e{Qp{Fo)) 

the quotient group Fi/Fo must be cyclic of order a divisor of e{Qp{Fo)). Let 

eu{Fo) e i?2(Z/e(Qp(Fo)), Zp(Fo)x x {pu)) 
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denote the class of this last extension. Furthermore, for ri a divisor of e(Qp(Fo)), we let 

^u{Qp{For,Fo,ri) := {F\ € ^«(Qp(i^o)^ ^b) I \Fi/Fo\ = n}, 
and we define the cohomology class 

e«(Fo,ri) G H\Z/n, Zp(Fo)^ x {pu)) 
to be the image of eu(-Fo) under the induced homomorphism 

f = H\j, Zp(Fo)x X {pu)), 
for j the canonical inclusion of Fi/Fq into e(Q Vo)) ^^^" 
Theorem 2.16. Let ri 6e a divisor of e{Qp{Fo)). 

1) The set J^(Qp(-fo)^ j -^O) n) is non-empty if and only if eu{FQ,ri) becomes trivial in 

H^Z/ri,Zp{Fo)''/Fo). 

2) If J^u{Qp{Fq)^ , FQ,ri) is non-empty and if Fi = {Fo,xi) belongs to this set with 
v{xi) = then there is a bisection 

V'l : iJi(Z/ri,Zp(Fo)x/i^o) ^«(Qp(i^o)^ ^b, n) 

y I — > {Fo,yxi). 

Proof. Statements 1) and 2) are the respective specializations of theorem 2.12 and 2.14 in 
the case where 

p:G = Qp(Fo)x -Z/Z = Q 
n 

is induced by the valuation, G (and hence Ker{p)) acts trivially on Fu{Q.p{Fq)^ ,FQ,ri), 
and 

A = FQ = Fo-xirm), B = —Z/Z; 

ri 

in particular, 

Ker{p) = Zp(Fo)x x {pu), Im{p) = -^^i^Z/Z, 

and 

ep = e„(Fo), ep{B) = eu{FQ,ri). □ 

Remark 2.17. Note that Fi e Tu{Qp{Fo)^) belongs to TuiQpiFo)^ ,Fo,ri) if and only 
if there exists an element xi G Qp(-Fo)^ with Fi = {Fq,xi) satisfying 

v(xi) = — and x\^ G Fq. 

n 

Clearly, Fi uniquely determines xi modulo Fq. 

Corollary 2.18. If Fq = jj,{Qp{Fo)) is the group of roots of unity in Qp(-Fo); then 

\MQpiFo)'',Fo,ri)\ < 1. 
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Proof. By proposition C.7 we have Zp(Fo)^ = //(Qp(Fo)) x (■^o)^^*']. Since the action 
of Z/ri is trivial on Zp{Fo)^ , we obtain 

H\Z/n, Zp(Fo)7Fo) = H\Z/n, X ^(Qp(Fo))/Fo) 

^ Fi(Z/ri, //(Qp(Fo))/Fo) 
= {!}• 

The result then follows from theorem 2.16.2. □ 

Remark 2.19. The condition Fq = /x(Qp(Fo)) is equivalent to the maximality of Fq as a 
finite subgroup of Qp(Fo)^ . In section 3.3 we will see that if p is odd and Fq = /z(Qp(Fo)), 
then the set J'u{Qp{Fq), Fo,ri) is non-empty if and only if p does not divide ri. As for 
the case = 2, we will see in section 3.4 that this depends on u and Fq. 



2.5. The second extension type 

In this section we consider the second extension in the chain of section 2.2. Recall that 
for a given subgroup F G .^^(D^), we let Fi = F n Qp(-Fo)^ • 

Lemma 2.20. Let Ho be an abelian finite subgroup of S„, Hq = Ho x {pu), Hi G 
Tu{Qp{Ho)^ , Ho) , and let Tu{C^x (Ho) , Hi) be the set of all F G ^^^(Cjjx (i?o)) such that 

• Hi = FDQpiHo)'' , and 

• the valuation v : F induces a monomorphism F /Hi ^'L/v{Hi). 
IfFe Tu{C^y^ (Ho), Hi), then Fi = Hi. 

Proof. Clearly F/Hi injects via v into ^Z/f(i7i) if and only if we have in G„(ii) a 
monomorphism F/Hq TLjn, and this is true if and only if Ho = F Ci Sn- Therefore 
Fo = Ho and consequently 

Fi = FnQp{Fo)'' =FnQp{Ho)'' =Hi. □ 

We now fix Fq and ri such that Tu{Qp{Fo), Fo,ri) is non-empty, and fix a group 
Fi G Tu{Qp{Fo),Fh,ri). We consider the set 7;(C„x (Fq), of all F2 G j;(Cpx(Fo)) 
such that 

• MnQpiFo)"" =Fi, and 

• F2/F1 injects via v into ^Z/v^Fi). 

Lemma 2.20 ensures that the elements of J^u{C^x (Fo) , Fi) are extensions of the form 

l—^Fi^F2^ F2/F1 1 

with F2 n Qp{Fo)^ = Fi and {¥2 n Sn, 1^ §„)) = Fq. For r2 a divisor of n/ri, we 

define 

j;(C„x(Fo),^,r2) := {% e Tu{C^.{Fo)Ji) \ l^b^l = rs}. 
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Note that any F2 G J^„(Cjjx (Fq), Fi, r2) determines a commutative field extension L = 

Qp{F2) of degree r2 over Qp(Fo) which is obtained by adjoining to Qp(-Fo) an element 
X2 € Cjjx (Fq) which satisfies 

v(x2) = and G Fi. 

r\r2 

We can thus partition our sets 

^u{C^^{FQ),Fx,r2) = ]J j'„(C][jx(Fo),Fi,L), 

[i:Qp(i^o)]=r-2 

according to all L D Qp(Fo) obtained from Qp(-Fo) via irreducible equations of the form 
— xi for xi an element of valuation ^ in Fi, where 

^,(C„x(Fo),?i,L) := {F2 G j;(C„x(Fo),Fi) | Qp(F2) = L). 
Clearly, L determines r2 and we have 

Tu(C^l(F^)Ji) = II J^„(C„><(Fo),^\,r2) 

[i:Qp(^o)]|^ 

Theorem 2.21. Let x\ he. an element of Fi G Tu{Qp{Fo), Fo,ri) with v{xi) = ^, let L 
be an extension of Qp(Fo) of degree r2, and let L^^ denote the group of all x E such 
that v{x) € ^Z. 

1) The set J^„(Cjjx (Fq), Fi, L) is non-empty if and only if r2[Qp{Fo) : Qp] divides n, 
there exists a 5 £ Fq such that the equation X'^^ —Sxi is irreducible over 'Qp{Fq) and 
Li = Qp{x2) for X2 a root of this equation. 

2) If Tu{C^y (Fq), Fi, L) is non-empty and if F2 = (Fi,X2) belongs to this set with 
v{x2) = then there is a bisection 

^2 : H\'L/r2, L^JF\) J^uiC^. (Fq), Fl, L) 
y 1 — > (Fi,yx2). 

Proof. 1) This is a direct consequence of the embedding theorem. 
2) This is a specialization of theorem 2.14 in the case where 

/9: G = L^ ^ -Z/—Z = Q 
n r\ 

is induced by the valuation, G (and hence Ker{p)) acts trivially on ^^^(Cjjx (Fq), Fi, F), 
and 

A = ¥i, B = Z/— Z; 

rir2 ri 

in particular, if er(/9) = L^j. □ 
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Remark 2.22. Note that _ „ _ 

F2 e Tu{C^^ {Fo),Fi) 

satisfies Qp{F2) = L if and only if there exists an element X2 & L with F2 = {Fi,X2) 
satisfying 

v{x2) = and G Fi. 

T\r2 

Moreover, F2 uniquely determines such an X2 modulo Fq. 
Corolleiry 2.23. If Fq = n{L) is the group of roots of unity in L, then 

\Pu{C^^{F^)J,,L)\<l. 

Proof. We know from proposition C.7 that L^^ = x ii{L) x 'l}p"'^^\ Since the action 

of Z/r2 is trivial on L^^, we obtain 

H\Z/r2, L^JF^) - H\Z/r2, zjf^^-l x ^(L)/Fo) 
^ H\Z/r2, fi{L)/Fo) 
= {!}• 

The result then follows from theorem 2.21.2. □ 

2.6. The third extension type 

In this section we consider the third extension in the chain of section 2.2. Recall that 
for a given subgroup F e ^u{^n)^ we let F2 = F fl Cjjx (Fq). 

Lemma 2.24. Let Hq he an abelian finite subgroup of Hq = Hq x (pu), Hi G 
Tu{Qp{Ho)'<,Ho), H2 G Tu{C^^{Ho),Hi), and let Fu{N^-<{Ho) , H2) he the set of all 

F G ^^(iVjjx (i?o)) such that 

• H2 = Fn Cjjx {Hq), and 

• H2 is normal in F. 
IfFe Tu{N^^ {Ho),H2), then 

a) Fi = Hi for0<i<2, or 

b) p = 2,n = 2 mod 4, HonSn = C4, F n Sn = Qs and Zpf{F n S„) ^ Zp,{Ho n 

Proof. First note that the condition H2 = F f] Cjjx (Hq) implies that the canonical ho- 

momorphism F — t- Aut^Ho) induces an injectivc homomorphism F/H2 — >■ Aut{Ho). In 
particular, we have a monomorphism F H Su/Hq — ^ Aut^Ho) where 

{Ho n Sn) X Zp>{Ho) = HoCFnSn, 

for Zpt the p'-part of (the center of) Hq. By theorem 1.31 and 1.35 we know that F n S„ 
acts trivially on Zpi{HQ), so that we have a monomorphism 

F n ^n/Ho AutiHo n Sn). (*) 
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Assume for the moment that F fl S'n is abehan; this must be the case if p > 2, or if 
p = 2 with either n^2 mod 4 or i^o n 5"^ ^ C4. Then F n §„ = (F n Sn) x Zp>{F n S„) 
is cycUc. Since (F D Sn)/{HQ H Sn) injects into the kernel of the injective map (*), we 
have F n 5n = Hq n Sn- Furthermore, the p'-part of Aut{HQ n Sn) is a cyclic group of 
order — and the quotient group Zp/ {F r\§>n) / Zpi (Hq) injects into Cp-i C Aut{HQr\Sn)- 
Hence Zpi{F n §„) = Zpi{Ho) by theorem 1.31 and 1.35, so that Fq = Hq and Fq = Hq. 
Therefore 

F2 = F n C„x (Fo) = F n Cj,x {Ho) = H2, 

and 

Fi = F n Qp(Fo)^ = F n Qp(i/o)^ = ^ n C^x (iJo) n Qp(i7o)^ = ^2 n Qp(i?o)^ = Hi. 

Finally, if FnSn is not abelian, then p = 2, n = 2 mod 4, HoDSn = C4 and FDSn = Qs 
by theorem 1.35. As seen above, the quotient group of the 2'-part of FnS„ by the 2'-part 
of Hq injects into the trivial group. □ 

We now fix a chain Fq C Fi C F2 such that condition b) of lemma 2.24 is not satisfied, 
and we let L be a subfield of B,,, such that F2 belongs to ^-^(Cjjx (Fq), Fi, L); in particular 

L = Qp(^). We consider the set Fu{N^x (Fq), of ah ¥3 G ^u{N„x (Fq)) such that 

• :FbnC„x(Fo) = ^, and 

• F2 is normal in F3. 

Proposition 2.25. If F3 £ Fu{N^x (Fq) , F2) , there is a commutative diagram of obvious 
group homomorphisms 

F3/F2 ^Aut{Qp{F2),Qp{Fo)) ^Aut{Qp{Fo)) 

F3/F2 ^ Aut{F2, Fo) ^ Aut{Fo) 

in which all compositions starting at F3/F2 are injective. 

Proof. Clearly, the condition F2 = F^CiCj^x (Fq) is equivalent to the fact that the canonical 

homomorphism F3 — )■ Aut^Fo) induces an injective homomorphism F3/F2 Aut{Fo). 
Furthermore, an automorphism of the field Qp(Fo) induces an automorphism of the group 
/u(Qp(Fo)) of roots of unity in Qp(Fo), and since this group is cyclic and contains Fq, 
it also induces an automorphism of Fq. This determines an injective homomorphism 
Aut{Qp{Fo)) — )• Aut{Fo). The homomorphism F3/F2 Aut{Fo) clearly takes its values 
into the subgroup Aut{Qp{Fo)). 

The condition that F2 is normal in F3 yields canonical homomorphisms F3 — >■ Aut{F2) 
and F3 —7- Aut{Qp{F2)). Since F2 is abelian, these induce canonical homomorphisms 
F3/F2 Aut(F2) and F3/F2 Aut{Qp(F2)). Moreover, as F3/F2 AutiFz) takes its 
values into the subgroup Aut{F2, Fq) of those automorphisms of F2 which leave Fq invari- 
ant, and as F3/F2 Aut{Qp{F2)) takes its values into the subgroup Aut{Qp{F2), Qp(Fo)) 
of those automorphisms which leave Qp(Fo) invariant, we end up with the given commu- 
tative diagram. 

From the injectivity of the map F3/F2 — )■ Aut{FQ), we then obtain that all compositions 
of homomorphism in the diagram starting at F3/F2 are injective. □ 
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Let Aut{L, F2, Fq) denote the subgroup of all elements of Aut{L) which leave both F2 
and Fq invariant. By proposition 2.25, we may partition the set 

■^n(iV„x(Fo),F2) = l[MNo>^{Fo),F2,W) 
w 

according to all subgroups W of Aut{Fo) which lift to Aut{L, F2, Fq), where 

^u{N^>.{Fo),F2,W) := {F, G ^u{N„.{Fo),F2) \ i^/i^ = W}. 

Let us fix such a W. Under our assumptions, lemma 2.24 and proposition 2.25 ensure that 
the elements of J^tl-^jx (-Fq), F2, W) are extensions of the form 

1 — >F2 — yFs — >W — ^ 1 
with F3 n C„x (Fo) = F2,F3n Qp(Fo)>< = Fi and {F3 n Sn, Z^{Fz n Sn)) = Fq. Define 

K:=L^ <^L = QpiFi) 

to be the subfield of all elements of L that are fixed by the action of W. Clearly, K is an 
extension of Qp and the respective dimensions of K and L over Qp divide n. Recall from 
section B.2 that an clement e G H'^{W, L^) defines a central simple crossed K-algebra 
{L/K,e) up to isomorphism. 

Lemma 2.26. There is a generator of H'^{W, ) whose associated crossed algebra embeds 
into D„ if and only if \W\ is prime to n[L : Qp]~^. 

Proof. Consider the tower of extensions Qp C K := C L. Let k := [K : Qp], 

I := [L : Qp], w := \W\, and let e be a generator of H'^{W,L) ^ Z/w C Q/Z. By 
proposition B.3, we know that the crossed algebra {L/K,e) = J2a&w ■^'^o- is a central 
division algebra over K of invariant r/w G Br{K) for some integer r prime to w. If 
q = n/l, then the invariant of D := Co^{K) is 1/qw G Br{K) by proposition C.IO. 

Suppose {L/K,e) can be embedded into D„. Then it embeds into D, and by the 
centralizer theorem 

D^{L/K,e) ®kCd{L/K, e), 

where CD{L/K,e) is central of dimension q^ over K. On the level of Hasse invariants we 
get a relation of the form 

1 T S 

— = h - mod Z (*) 

qw w q 

for a suitable integer s which is prime to q. Hence 

1 = rq + sw mod qZ, 

and it follows that q is prime to w. Conversely if q is prime to w, then there is an r prime 
to w and an s prime to q such that (*) holds. Therefore the algebra {L/K, e) embeds into 
D, and consequently into D„. □ 

Theorem 2.27. Let W be a subgroup of Aut{FQ) which lifts to Aut{L,F2,Fo) and let 

: H^{W,F2) ^ H\W,L'') 

be the map induced by the inclusion 0/F2 into . Then J^ui^^x {Fo),F2, W) is non-empty 
if and only if \W\ is prime to n[L : Qp]""*^ and i^ is surjective. 
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Proof. Suppose that \W\ is prime to n[L : Qp]~^ and is surjective. By lemma 2.26, 
there is a generator e <E H^{W,L^) whose associated algebra {L/L^,e) embeds into 
The group of units (L/L^,e)^ contains 

aew 

as a subgroup, and we get an embedding of W into . By the Skolem-Noether theorem 
we can assume that this embedding^estricts to the given embedding of L into B„. Since 
L = Qp{F2), we have L^VF C N^^x {F2) and there is a commutative diagram 



W 



■ Aut{L) 



whose vertical maps are inclusions and whose horizontal sequences are exact. Now, the 
surjectivity of implies the existence of an element e' G H^{W, F2) such that i^(e') = e, 
in which case the above diagram extends to a commutative diagram 



F2 



1 ^Cj,.{F2 



w 



w 



■ Aut{L) 



1, 



where the top exact sequence has extension class e'. Because of our assumption that W 
injects into Aut{Fo), we have F n Cjjx (Fq) = F2, and therefore F G ^^(TVjjx (Fq), F2, W). 

Conversely, if F G ^"^(iVjjx (Fq), F2, W^), then F extends F2 by W and there are com- 
mutative diagrams 



F2 



W 



1 C„x (F2) iV„x (F2) > AutiL) > 1, 



and 



1 ^F2 



1 1 



W ^1 



^L^W 



whose vertical maps are inclusions and horizontal sequences are exact. Using the universal 
property of the lower left pushout square, we may extend the latter diagram in an obvious 
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way to obtain an embedding of extensions 
1 ^F^2 



(-^2) 



w 



w 



Aut{L) 



1, 



where L^W C [L/L^ ,e) = X]o-gW^^<^ ^ image of the extension class of F in 
H'^{W, L^)- By definition of L^W, the map i extends uniquely to an algebra homomor- 
phism 

i : {L/L^,e) — > Bn : ^x^u^ 1 — > ^i{xaUa), Xa e ■ 

Moreover since {L/L}^ ,e) is simple and i is non-trivial, the kernel of i is trivial. Hence 
i is injective and (L/L^,e), which embeds into D„, is a division algebra by proposition 
A.3. It follows that e is a generator of H'^{W,L^) and is surjective. Applying lemma 
2.26 we finally obtain that is prime to n[L : Qp]"^. □ 

Theorem 2.28. Let W be a subgroup of Aut^Fo) which lifts to Aut{L,F2,Fo). If the set 
J^u(A^px (Fq), F2, Ty) is non-em,pty and contains F3, then there is a bijection 

V's : H\W, C„x {F2)/F2) (^0), ^2, W)/ ^ ^^^^ 

{F2,CSpJ, 

for c a cocycle and : W ^ F^ a set theoretic section of the epimorphism F^ — > W. 

Proof By proposition 2.25, we know that W lifts to an automorphism of F2. The result 
is then a specialization of theorem 2.14 in the case where 

p:G = N„. {F2) Aut{F2) = Q 

is given by the canonical homomorphism induced by conjugation and 

A = ¥2, B = W; 

in particular, Ker{p) = Cj^x{F2). □ 

Corollary 2.29. If Qp{Fq) is a maximal subfield of^n such that h{Qp{Fq)) = Fq, and 
if ilY : H'^{W,F2) —7- Il'^{W, L^) is an epimorphism, for W a subgroup of Aut{FQ) which 
lifts to Aut{L, F2^Fo), then there is a bijection between the conjugacy classes of elements 
of J''u{N-Bix{Fo), F2,W) and the kernel of iy^- 

Proof. Under the stated assumptions, wc have F2 = Fi, L = Qp(-Fo)) [L ■ Qp] = n and 
Cjjx(F2) = L^- Hence there is a short exact sequence 



F2 



L''/F2 
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which for W C Aut{L,F2) C Gal{L/Qp) induces the long exact sequence 
... ^H\W,L'<) ^H\W,L'</F2) Br{L/L^) 







H''{W,F2) 



where the left hand term is trivial by Hilbert's theorem 90. The group H^{W,L^/F2) is 
therefore the kernel of and the result follows from theorem 2.28. □ 

Theorem 2.30. Let H e .F„(B^) be such that H O Sn is abelian and ijL{Qp{Ho)) = 
/u(Qp(i?2))- Then there is a subgroup F G J^ui^n) ^'^'^^ ^hat 

Fo = fi{Qp{Ho)), Qp(F2) = qp{H2) and HiQFi for0<i<3. 

Proof. We know that Hi = {Hq, xi) where xi commutes with Hq, v{xi) = ^ and x\^ G Ho, 

and furthermore that H2 = {Hi,X2) where X2 commutes with Hi, v{x2) = and 

e Hi. Defining Fq = /x(Qp(iJo)), ^ = {Fo,pu), Fi = {Fo,xi) and F2 = {Fi,X2), we 
have 

Fo = ^ n §„, Fi = F2n Qp{Fo) 
It remains to show that the extension 

1 — > H2 — ?■ H^ = H 
can be extended to an extension in 

1^F2^F3 = F - 



and 



W 



F2 C Cjjx (Fo). 



1 



(*) 



W 



1. 



Let L :-- 



(Ho 



}p{F2). The existence of (*) implies that W C Aut{Ho) C Aut{Fo) 
lifts to Aut{L , H2, Hq) . An automorphism a of L which leaves Hq invariant, also leaves 
Q,p{Hq) invariant, and therefore the subgroups Fq = iJ,{<Qp{Ho)) and Fq = {Fo,pu) are also 
left invariant. Hence 



(t{xiY^ e Fo = {Fo,pu) and 



Xl 



G Fn. 



Since Fq is the (unique) maximal finite subgroup of Qp(i*b)^, we have 
a{xi) 



Xl 



eFo and a{xi) e {Fo,xi) = Fi, 



and therefore a leaves Fi invariant. This implies 



a{x2y^ e Fi and 



X2 



G Fi n = Fo. 



Using that /i(Qp(Fo)) = fJ-{'QpiF2)) , we obtain as before that a{x2) G (Fo,.X2) = F2 and 
consequently that a leaves F2 invariant. It follows that W lifts to Aut{L, F2, Fq). The 
chain of inclusions H2 C F2 C induces a commutative diagram 

H^{W,H2) 




H\W,F2) ^H^{W,L'<) 



whose oblique arrow is an epimorphism by theorem 2.27. The horizontal homomorphism 
is therefore surjective and theorem 2.27 implies the existence of (**) in D^. □ 
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2.7. Classification of embeddings up to conjugation 

In this section, we use the results obtained in this chapter to classify the chains of 
subgroups 

that occur in . In order to do this we proceed in four steps. 

For a group G and a G-set S, we denote by 5/ ~g the set of orbits with respect to 
the G-action on S. 

Classifying Fq^s 

As explained in remark 2.11, the map 

induces a well defined map 

whose image can be identified with the set 

{(a, d) e N X N* I < a < A;, d | p"" - 1}. 

Classifying Fi's 

Pick Fq G Tu{^n) and define the sets 

• PiPn ' -^o) of all subgroups F of such that = -f" n S„ is of finite index in F; 

• T{%{FqY,Fo) of all subgroups F of %{FqY such that = n S„ is of finite 
index in F. 

Clearly the map 

F{nl,%)^P{%{FoY,%) ■ F^F\:=Fnqp{Fo)'' 

induces a well defined map 

: ^(D^,Fo)/~^ ^^^q^^For,Fo). 

As seen in section 2.4, every Fi G J^(Qp(Fo)^ , Fq) determines an integer ri = |Fi/Fo| 
which is a divisor of n. Furthermore, according to theorem 2.16, if such a divisor ri is 
realized by a subgroup Fi G j^(Qp(Fo)^ , Fq), then the set 

{F\ e ^(Qp(Fo)^^b) I \Fi/Fo\ = n} 
is in bijection with the set H^{Z/ri,Zp[Fo]^ /Fq). 
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Classifying F2^s 

Pick Fi e ^{Qp{Fo)^ and define the sets 

• T{B^,Fi) of all subgroups F of such that F\ = F D Qp(Fo)'' is of finite index 
in F; 

• T{C„x{'Fi),Fi) of all subgroups F of C„x(Fi) such that Fi = F D Qp(Fo)'' is of 
finite index in F. 

Then the map 

T{B^,F\)^T{C„.{F\),F,) : F ^ F2 := F n C„.{F\) 
induces a well defined map 

: ~c„><(F.)^ HC^.iF\),F\)/ . 

In order to describe the image of 992) we recall that every F2 G J-^Cj^^x {Fi), Fi) determines 
an extension L := Qp(-F2) of Qp(-Fi). Clearly, the isomorphism class of L is constant on 
each conjugacy class of F2's by elements in C-^x{Fi), and hence determine the integer 
r2 = [L : Qp{Fi)] dividing ^. By the Skolem-Noether theorem, the set of isomorphism 

classes of extensions Qp{Fi) C L is in bijection with the set of Cjjx (Fi)-conjugacy classes 
of L's. Thus denoting 

^(L^^\) := {F2 e T{C^x{Fi),Fi) I Qp{F2) = L}, 

we have a bijection 

T{C^x{F,),F,)/r^^ l[j^iL\F,), 

[L] 

where the union is taken over all isomorphism classes of extensions Qp(-Fi) C L. Finally, 
if for a given L the set F{L^ ,Fi) is non-empty, then by theorem 2.21 it is in bijection 
with the set H^{Z/r2,L^^/Fi), and we have 

Classifying Fa's 

Pick F2 G ^{L^,Fi) and define the sets 

• J^(B^ , F2) of all subgroups F of such that FnSn is abelian and F2 = FnCjj,x (Fq) 
is of finite index in F; 

• J"(A^jjx (F2), F2) of all subgroups F of iVjjx(F2) such that F (1 Sn is abelian and 
F2 = F n Cjjx (Fq) is of finite index in F. 
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By proposition 2.9, each F in J-'(ID)^ , F2) satisfies F C A^^x (Fq), in which case F2 is normal 
in F. Thus the map 

^(D^,F2) A^(iV„x(F2),F2) : F^Fs:=FnN„.{F2) 

is a bijection and induces a well defined bijection 

^3 : , %)l -c„x iF.)^ ^(""K (^^)' ^^)/ -C„x (^^.) ■ 

n n 

In order to describe the image of ip^, we recall that every F3 G T{Njj^x (F2), F2) determines 
an extension 

1^F2^F3^W ^1, 

where W canonically injects into Aut{F2, Fq). Via this injection, W is independent of the 
given representative in the Cpx (F2)-conjugacy class of F3. Thus denoting 

^(A^„x {F2),F2, W) := {Fs G T{N„. (^b), ^) | ^b/^b = W}, 
we have a bijection 

TiN„.iF2),F2)/ - II^(iV„x(F2),F2,T^)/ ~ . 

Finally, if for a given W the set ^(A^px (F2), F2, VF)/ ~„ is non-empty, then by 

theorem 2.28 it is in bijection with the set H^{W, C^x (^2)7^2), and we have 

^(iV„x(F2),F2)/~^ ~ - l[H\W,C„.{F2)/F2). 
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Chapter 3: 

On abelian finite subgroups of Gn{u) 



Throughout this chapter we assume that n = [p — l)p^~^m with m prime to p. Given 
an abeHan finite subgroup Fq of whose p-Sylow subgroup is cyclic of order for 
1 < a < A;, we want to determine what sequences of groups 

Fo Q C. F2 

are reahzed in G„(n) = /{pu)', here F2 is an abchan finite subgroup of G„(u) containing 
Fq and Fi is such that Fi = F2 H Qp{Fo). We know from chapter 2 that the tilded 
correspondents of these groups in are given by 

F\ = {Fo,xi) and ^ = (^0,^2) 

with xi,X2 G such that 

v(xi) = — , xY G Fq, v(x2) = and xQ^ G Fi. 

ri rir2 

We want to determine for what pairs of positive integers (ri,r2) the sets 
MQp{Fo),Fo,ri) and ^„(C„x (Fq), Fl, rs) 

are non-empty. 



3.1. Elementary conditions on ri 

The question of determining for what ri the set ^w(Qp(Fo), Fq, ri) is non-empty nat- 
urally leads to studying the ri-th roots pu in Qp(Fo). Clearly ri must be a divisor of 
ip{p'^), the ramification index of Qp(Fo) over Qp. 

Proposition 3.1. Let C,pa he a primitive p°'-th root of unity in Qp(Fo)^. The principal 
ideal generated by (pa — 1 is maximal in Zp(Fo) and satisfies 

ip) = iCpa - 

Proof. If a and b are integers prime to p, one can solve the equation a = bs modp", so 
that 

r'^ — 1 1 — r 
The same is true for /a" _i , and 

/"a _ 1 



b — 1 + Cp« + • • • + Cp" G Zp[Cpa]. 



t'' - 1 

Sp" ^ 



G Zp[^pa]^ whenever {a;p) = {b;p) = 1. 
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Moreover since 

i=0 (a:p) = l 

l<a<p" 

for X = 1 we get 

p= n (c« - 1) = (Cp« - ir^^") n 

(a;p)=l (a;p)=l 

l<a<p« l<a<p« 

showing that {p) = ((^pc — The ideal generated by (^pa — 1 is hence maximal in 

Zp(Fo). □ 

Corollary 3.2. We have 

1 



(a;p)=l ^ 

l<a<p" □ 

Let /i(Qp(Fo)) denote the roots of unity in Qp(-Fo) and fix Qpc a primitive p"-th root 
of unity in /x(Qp(-Po))- Define the unit 

£a e Zp(Cp«) ^ C Qp(Fo) ^ by (Cp« - = P£a. 

Obviously as u G Z^, we know that ^ belongs to Zp((pa)^. Let 7r(eu(Fo)) denote the 
class of 

e„(Fo) G i?'(Z/v9(p"), Zp(Fo)^ x 
in i72(Z/(^(p"), Zp(Fo)^) as defined in section 2.4. 

Proposition 3.3. We have 
It 

Proof. This is a straightforward consequence of the fact that 

pSoc =pu — 

U 

belongs to the class of e„(Fo) G H"^ {Z / ip{p°') , Zp(Fo)'< x (pw)). □ 
Recall from proposition C.7 that 

Zp(Fo)x ^ //(Qp(Fo)) X zf^-(^°)^^^-], 

so that 

i?2(Z/ri,Zp(Fo)X) ^ Zp(Fo)V(Zp(^o)^)''^ 

= ^x{qp{F^))/^l{qp{F^)^ x (Zp/riZj,)[^-(^°)^Q-i. (3.1) 

Theorem 3.4. The set J^u{Qp{Fo), Fo,i"i) is non-empty if and only if 



e. 



^^1 in Zp(Fo)V(^o,(W)"r)- 



3.1. Elementary conditions on ri 
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Proof. The unit 

-eZp(Cpa)^cZp(Fo)^ 

u 

is equivalent to the trivial element if and only if q*{eu{FQ,ri)) is trivial in 

H\Z/n,Zp{For/Fo), 

for = H'^{Z/ri,q) the map induced by the canonical homomorphism 

q : Zp(Fo)^ X {pu) M^oV x {pu)/Fo = Zp{Fo)''/Fo. 

By theorem 2.16, this is true if and only if ^u(Qp(-^o)) -^Oj '"i) is non-empty. □ 

Corollary 3.5. // {Fq,xi) G ^u{Qp{Fo), Fo,ri) with v{xi) = ^, then = puS for a S 
in Fq such that S=^ modulo {Zp{Fo)^Y^ . 

Proof. This follows from remark 2.17 and theorem 3.4. □ 
Corollary 3.6. Let Fq = iJ,{Qp{Fo)) and ri be prime to p. 

1) The set J^u{Qp{Fq)., FQ,ri) is non-empty if and only if ri divides p — 1. 

2) If ^u{Qp{Fq), FQ,ri) is non-empty with vi > 1, thenp is odd, and there are elements 
C,p £ Fo and t G Zp(Cp)^ such that 

xi = (Cp ~ l)i (J-nd = pu mod Hp-\. 

Proof. 1) As ri divides the ramification index of Qp(i^o)) it must be a divisor of p — 1. 
The result then follows from corollary 3.5, the isomorphism (3.1) and the fact that Zp = 
(p-l)Zp. 

2) The condition ri > 1 ensures that p > 2 and C,p G Fq. By 1) and theorem 3.4, we 
know that 

f G (M(Qp(Cp)),(Zp(Cp)"r') = (//p-i,(z,(Cp)^r-^). 

Hence there exists a t G Zp((^p)^ such that Me^^ = t^'^d for some (p— l)-th root of unity 
5 G Hp-i. For xi = {Qp — l)t, we then have 

= {Qp — lY~^t^~^ = pei ■ —d~^ = pu mod Hp-i. ,-, 

Remark 3.7. When Fq = fi{<Qp{Fo)), we know by corollary 2.18 that Fi is unique in the 
set Tu{Qp{Fo): Fq, ri). If ri divides p — 1, we may therefore always assume Fi = {Fo,xi) 
with xi as given in corollary 3.6. 

Example 3.8. If p is odd, then 

ea = -l mod {Zp{FoYy-\ 
Indeed, by example 1.33 we know that 

n 
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p— 1 

where X = S satisfies X" = —p for u a primitive (p" — l)-th root of unity in D^. 
Furthermore, both elements X and ((pa — 1) belong to the field Qp(Cp«)) and there is a 
z e I'piCpcy with 

q: — 1 rt 

Since Qp(Cp«)'' C Qp(-Fo)'', we obtain 

SaP = (Cp« - 1)'"^^"^ = X^zP-^ = -P mod (Zp(Fo)^)^'-\ 

Thus if u is a root of unity, the set J^u(Qp(Fo), Fo,p— 1) is non-empty. 

Example 3.9. If p = 2, it is obvious that £i = —1. The case a = 1 however is not 
interesting since then ri must divide the trivial ramification index of Q2{Fo) over Q2. 
If p = 2 and a > 2, we have 

£a = -C4 mod (Z2(Fo)^)2 

for a primitive 4-th root of unity (4 G Z2(-Fo)^- Indeed, the element (("4 — 1) has valuation 
^ and 

(C4 - 1)' = Cl -2(4 + 1 = -2C4. 

Hence for z G Z2(Fo)^ satisfying 

(C2«-ir" = (C4-iK 

we obtain 

2£a = (C2« - 1)'""' = (C4 - 1)'^' = -2C4 mod (Z2(Fo)^)2. 
This shows that if u = ±1, the set ■Fu{Q2{Fo), Fq, 2) is non-empty. 



3.2. Change of rings 

Assume p to be any prime. For each 1 < a < A;, we fix a root of unity (pa in Qp{Fo), 
and we define 

TTa := Cp° - 1 and Ra := Zp[(pa]. 

Recall from proposition 3.1 that tTq is a uniformizing element of Ra where {iTa^ "*) = (p). 
Let 

ia '■ Ra ^ Ra+1 

be the ring homomorphism defined by ia{Cp") = Cpa+i- By definition, G i?Q, for each a. 
In this section, we compare with the image of in -Ra+i • 

Lemma 3.10. For any prime p and any a> 1, we have 

p 

i=i 

Proof. Clearly ia{T^a) = Cpa+i — 1- This, together with the identity 

xp - 1 = {X - 1 + ly - 1 =J2 (^^ - 1)^ 

applied to the case X = (pa+i , yields the result. □ 
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Corollary 3.11. For any prime p and any a> 1, we have 

iaiT^a) = TT^+l mod (pTTc+l). 

Proof. This follows from lemma 3.10 and the p-divisibility of the binomial coefficients for 
l<j<p. □ 

For any prime p and any a >2, define the positive integer 



ka '■ — 



\p»-2p + l ifp>2, 
I 2" -2 Hp = 2. 



Lemma 3.12. If p > 2 and a>2, or if p = 2 and a > 3, then 

ia{K) = (7r^_j_^i ^'^) for any j > ka- 

Proof. Let j > ka. Combining corollary 3.11 with the binomial formula yields 

with 

z e Ra+i and ^ = XI ( ^ ) '^l+iiP^a+izY''' ■ 



k=0 



Note that the valuation of the k-th. term is at least kp + {j — k){ip{p'^'^^) + 1). Hence for 
< k < j — 1 its valuation is at least 

(j - l)p + + 1 > (fea - l)p + ipip^^^^) + 1. 

If p > 2 and a > 2, we have 

(j-l)p + (^(p"+^) + l > (p"-2p)p + (^(p-+i) + l 

-2/+p"+i -p« + l 



= p''+' 

= + - _ 2) + 1 

> p'^+^ + 1. 



Otherwise if p = 2 and a > 3, we obtain 



0--l)p + (^(p"+i) + l > (2" - 3)2 + 2^* + 1 

= 2"+^ - 6 + 2^* + 1 

> 2"+^ + l. □ 



Lemma 3.13. If p > 2 and a >2, or if p = 2 and a > 3, then 
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Proof. Combining corollary 3.11 with the binomial formula yields 



— ^a+1 + ^a+l ^0 ''a+1 ^0 

for some suitable zq^zi G i?a+i, where we have used that the valuation of each term in 
the middle sum is greater or equal to {p — l)p + 2<y9(p"+^) + 1, while that of the last term 
is {'^{p°''^^) + l)p > 2(^(p"^+-^) + 1. By iterating this procedure we obtain some with 

= -CI + -^::i^'^'""^^'zk for every k > 0. 

The required formula for p = 2 and a >3 directly follows from the case k = a — 1. Again, 
by taking = a — 1 if p > 2, we get 

_ <p(j,"+^) a<^(p«+i)+l+(p-2)p« 

for some z G Ra+i- The desired result for p > 3 and a > 2 then follows from the fact that 

Mp"^^) + 1 + (p - 2K = vip"^^) + (« - + {P- 2)P° + 1 

= V'Cp"^^) -!)+;>- 2] + 1 

> + p"(2p - 3) + 1 

> <^(p"+^) + + 1. □ 



Corollary 3.14. If p > 2 and a>2, or if p = 2 and a > 3, then 

iai^a) = £a+i mod {tt^+i '^^). 
Proof. This follows from lemma 3.13 together with the fact that pSa = T^a^ \ □ 

3.3. The p-part of ri for p odd 

Using notations introduced in sections 3.1 and 3.2, we assume p to be an odd prime. 
Recall that a > is defined to satisfy |Fo n = p". The goal^of the section is to 
establish that for q > 1 and Fq = ^(Qp(-Fo))) the set ^u{Qp{Fo), FQ,ri) is non-empty if 
and only if ri divides p ~ 1. This is done by showing that ^ is non-trivial in the group 
"^piFoV/il^iQpiFo)), {'Lp{FoY)P) when a > 2, and hence that p does not divide n. 

We know from proposition 3.1 that (tTq) is the maximal ideal of Zp(Fo)- The situation 
is clear when a = 1, because the ramification index of Qp(-Pb) over Qp is prime to p and 
hence the p-part of ri is trivial. 

We need to establish a formula for the VTa-adic expansion of = P~^T^a^ ^ ■ For this 
we begin by analysing the cyclotomic polynomials 
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Note that Qa{X) is the minimal polynomial of tTq over Qp. We have 

ik=0 i=0 \A;=0 \ J J 

Define a^°'^ to be the coefficient of X' in Qa{X), and let 

' ■ \ ifz>p°^-\ 

be the cocfRcicnt of X'' in (X + 1)p°'~\ 

Lemma 3.15. For a, i > 1, we have a strict identity 

at^ = t' + Y. E 

k=2 ii+...+ik=i 

Proof. This follows form the fact that 

p-i 

Q„(X) = E(^ + ir"'- 

fe=0 □ 

Lemma 3.16. For a>3 and i> 1, we have 

^(a) ^ f ™od ifi= pj, 

* [O mod ifi^Omodp. 

Proof. This is a consequence of the identity 

{1 + X)P"~' = (l + XP+pXil + ... + XP-^))P"~' 

= (1 + XP)P'^~' + p"-^X(l + . . . + + mod (p"). □ 

Lemma 3.17. For a>3 and i> 1, we have 

* mod p^ if i ^ mod p. 

Proof. If i ^ modp, the result is a direct consequence of lemma 3.16. It remains to 
consider the case where i = pj for some integer j > 1. By lemma 3.15 and 3.16, it suffices 
to show that 

E E '^■■■^ E -d/. 

k=2 ii+...+ik=pj k=2ji+...+jk=j 

Using lemma 3.16 once again it suffices to show that 

E E ^■■■^ - "^odp^ 

k=2ii+...+ik=pj 

where the symbol J2ii+ +ik=pj denotes the sum over all /c-tuples (ii, . . . , ik) for which at 
least one (and hence at least two) of the ik are not divisible by p. Then lemma 3.16 implies 
that this sum is congruent to modulo p^. □ 
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The case a = 2 is of particular interest. 
Remark 3.18. We note that 

{= mod p if < i < p, 
= 1 ifiG{0,p}, 
= \ii> p. 

Lemma 3.19. We have 

«(p-2)p+i = -P rnodp^. 

Proof. By lemma 3.15 

"(p-2)p+l - 0(p_2)p+l + 

k=2 n+...+H=(p-2)p+l 

According to remark 3.18, the only nontrivial contributions in this sum modulo p^ happen 
when k = p — 1 and come from tuples where all but one ik are equal to p (and hence the 
remaining one equal to 1). As there are p — 1 of such contributions we obtain 

"(p-2)p+i = b - 1)^?^ = b - 1)P = -P mod p^. □ 



Lemma 3.20. IfO<j<p-l, then 

p-i 



k 

Proof. For a fixed < j < p — 1, we have 



. = mod p. 

k=i vJ 



fe=i V/ J - k=i 

where the expression k{k — 1) . . . {k — j + 1) is a polynomial of degree j in Z[k] with zero 
constant term. It is consequently enough to check that 

p-i 

A;'' = mod p for every < r < p — 1 . 

k=l 

Given a G such that a'' 7^ 1, we have 

^ = ^ {axY = 
xeVp xeVp xeWp 

so that 

p-i 

= and ^ A;*^ = mod p. 
xePp k=i □ 
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Lemma 3.21. If0<r<p — 2 and < j < p, then 

a^+j = modp^. 

Proof. By lemma 3.15, we have 

a(2) . = ^,(2) , y-' ^(2) ^(2) 

A;=2 ii+...+jfe=pr+j 
fc=2 «i+...+ifc=pr+j 

where the last sum is taken over all /c-tuples {ii, . . . in which there is exactly one 

(2) (2) (2) (2) (2) (2) 

element with i {0,p}- Furthermore, this is in fact bj and 6)^ . . .blj = bj . 
We hence get 



If r = 0, then 

/2) ^^(2)^^(2)''"' 
k=2 

(2) 

If r > 0, then 6p/+j = and we have 



a:.-^6f) + bf)Vfc^bf) ^^^~^^ ^0 modp^ 



A;=2 

Since 



by lemma 3.20, we get a^^j^j = mod p^. □ 

Let Fq denote the p'-part of Fq. Since Qa{X) is the minimal polynomial of tTq in 
Zp{Fq), we have an isomorphism of algebras 

^Fo ■■ {MH)[X]/{Qa{X))) A Zp(Fo) given by X ^ tTc, 
which restricts to an isomorphism on the groups of units 

<PF, : (Zp(F^)[X]/(Q„(X)))x A Zp(Fo)^ 
Furthermore, there is a polynomial Qa{X) G of degree (p{p°') — 1 such that 

Qa{X) = X^^P"^ + pQa{X) and Qa(0) = 1, 
and therefore we have 

VFoiQaiX)) = -p-^TT^^P"^ = 

Recall from proposition 3.1 that tTq, is a uniformizing element in Zp(Fo), so that (vTa) 

is the maximal ideal of this ring, and that {j^a^ ^) = {p). More precisely, the Tr^-adic 
expansion of p in Rq, = ZpfTr^] C Zp(Fo) is given below. 
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Proposition 3.22. Ifp>2 and a>2, then 



Proof. Recall that 



(p(p«)-i 

QaiX)=p+ Yl a^^X' + X^(P"\ 

i=l 

By lemma 3.17, 

Q^iX) = Qa-iiXP) = ... = Q2iXP"-') mod (/X). 

By lemma 3.21 we know that af^ = mod ii < i < p. Furthermore, by lemma 3.15 
and remark 3.18 we have 



«P = E E "f-C with 6f { 

k=l n+...+i/;=i 



= mod p a < i < p, 
= 1 iiie{0,p}, 
= iii> p. 



Then obviously 



a^^ = ^ k = — ^ mod p^ , af^ = mod p if z ^ mod p, 
k=i ^ 

and if i = pj we have 



h+...+ik=i \-' J 



For a fixed < j < p — 1 we have by lemma 3.20 



fc=i 



so that 



mod p if z ^ mod p, 
'^f^ = 1 mod p if z = for < j < p — 1, 

1 modp \ii = p{p—l). 



Therefore 

Q2{X) =p + P^XP + X^^'~^ mod {p^X,pXP+^). 

Finally 

QaM = Q2(7rf ^p + p^Trf " +7r'^(^'") mod (Trf 
and consequently 



— "a ^ 2 c« "a 



^ -;rS(^") + ^TTf mod(7rr^). □ 
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Our interest in approximating modulo the ideal generated by vrg""*"^ is explained in the 
following remark. Consider the decreasing filtration 

given by Uq = Zp(Fo)'' and 

Ui = Ui{Zp{Fo)'') = {x G ?7o I X = 1 mod (<)} for i > 1, 

where Uq/Ui = //p/ (Qp (Fq ) ) , and where Ui/Ui+i is isomorphic to the residue field of Qp (Fq ) 
for each i> 1. Because Zp(Fo) is complete with respect to the filtration, any x G Zp(Fo)^ 
admits a TTa-adic expansion 

i>0 

where the Aj's run in a given set of representative of the residue field chosen in such a way 
that the representative in ¥p are integers between and p — 1. 

Remark 3.23. For any a inUi, we have 

= 1 + aP<f - a<(f")+^ mod (7r^(f")+^+i). 



As 

we obtain 



ip < fip") + i <^ i < p 



a-l 



1 + aPn'P mod if i < 

l + {aP-a)TTP" mod(7rf+i) if z = 



mod (ttq 



) if z > p' 



The last congruence and the completeness of the filtration imply that every element of Ui 
for i > 'p{p°') +p"'~^ = p" is a p-th power, and it follows that Upa_^.i C Uf. 



Setting II := li{Qp{Fo)), we have 

Uo/{fi,ui;)^Ui/{finUi,uP), 

where fi n Ui is the subgroup generated by (p« = + 1- By remark 3.23, there is a 
commutative diagram 



{Zp{F^)[X]/{Q^{X))y 



(Zp(F^)[X]/(Q«(X),Xf"+i))x/(M,P-th powers) 



■Zp(Fo)^ 



Ui/{iinui,uf), 



in which the vertical maps are the canonical projections and the horizontal maps are 
isomorphisms. Since —1 becomes trivial in Ui, the images of Qa{X) and £q, in the quotient 
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group Ui/ {iiCiUi, Uf) are equal. We want to prove that this image is non-trivial. In order 
to do so, we consider the TTa-adic expansion of —£a in Zp(7ra)^ C Zp(Fo)^: 

i>0 

where Cq"^ = 1 and < c|"'* < p for each i>0. For < z < p^, we let q := c\^\ 
Remark 3.24. By definition 



(a) ^ ^ — p for a > 2 and < i < <^(p"). 

P 



Lemma 3.25. Let k2 = {p — 2)p + 1. Then c^j = — 1 and 

p-2 p2 

-e2 = Y,Cip7r'^''-4'+ E mod(7rf+^). 

i=0 i=k2 + l 

Proof. This follows from lemma 3.19 and 3.21. □ 
Lemma 3.26. // 



X = 1 + ^ OiTT^ and y = 1 + ^ ftivr^ 
i=i i=i 

are two elements of U\ C Zp(Fo)^ SMc/i that < ai,bi < p and x = y modulo (tt^) for an 
integer k > 1, then 

- = 1 + (afe - 6fc)7r^ mod (7r^+^) . 



Proof. Let z = x — y. Then 



z = mod (tt^) and - = mod (tt^). 



Therefore 



X 1 _ 2; 



= 1 + - + ^ + ... 



y 1 - f x ^2 

- 1 + ^ 

^ ^ ^ {ak-bk)T^i 

X 

= l + {ak-hk)TTl mod(7r^+i). □ 



Lemma 3.27. If x e Ui C Zp{Fo)^ is such that 

x = l + OfcTT^ mod (7r^+^) 
TO^/i 2 < A; < p"^ prime to p and ^ modulo (tTq), t/ien x ^ {fiOUi, Uf). 
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Proof. Recall that nfMJi is generated by I + tTq,. One must check that x cannot be written 
in the form 

X={1 + 

with < i < p — 1 and y e Ui. Since > 2 by assumption, it follows that i = and it 
remains to verify that x is not a p-th power. As a direct consequence of remark 3.23, we 
have 

(1 + anif = 1 + mod {tt'p+^) 

for any a £ t/i and any i < ^- Hence x Uf. □ 

We arc now in position to prove that —Sa (and hence £q,) is non-trivial in the group 

Ui/{finUi,uf). 

Theorem 3.28. If p is odd and a>2, then 

£a0(MQp(^o)),(W)"r)- 

Proof. In order to obtain the result, it suffices to show that — e„ G Ui is non-trivial in the 
quotient Ui/{^ fl Ui, Uf). This is done by induction on a > 2. 

First consider the case a = 2, and let ^2 := {p — 2)p + 1. According to lemma 3.25 

p-2 p-2 

-£2 = CpiT^2 = n (1 + ^Pi^'^y mod (4^), 

1=0 i=0 



where each < Cj < p is such that {cj)P = Cj mod p, and where the second equivalence is 
due to the facts that k2 — 1 < ^{p^) and (p) = {1^2^^ Letting 



p-2 

Z2=J{{1 + Cpiwi) G Zp{7T2) , 

1=1 

we get by lemma 3.26 and 3.25 

=P = 1 + = 1 - 4^ mod (TT^'^+i). 

^2 

As A;2 < p^, it follows from lemma 3.27 that —£2 does not belong to {iiCiUi, C/f). 

Now let a > 2 and ka = p"" — 2p+ 1. Suppose there is an element Za in Zp(7ra)^ such 
that 

mod(7rr+'). 



with c?fe„ ^ mod p. By corollary 3.14 and lemma 3.12 we have 

pa ^ 

£q+i = ia{£a) = -(1 + diTr^\;^)ia{zaT mod (7r^_,_i "^^), 



so that 

-e +1 
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for some z'^j^^ in Zp(7rQ,+i)^ . Let 

fca + l — 1 

/ca+i := fea + </?(p"+^) and ia+i := (l + ^^i^r^+i) GZp(7ra+i)'^ 

with each < dj < p such that = mod p. Then by proposition 3.22, there is an 
element 

^a+l = 2;q+i2q+1 e Zp(7ra+l) 

such that 

_ p"+i 

= 1 + ^ c4<+i mod (tt^+I'^^) 

with ^ mod p. Since 

fca+l = fca + <^(P'*+') = - 2p + 1< 

we can apply lemma 3.27 to obtain that — £«+! is non-trivial in Ui/ {ji, Uf). □ 
Example 3.29. Let us have a look at the case p = 3. A straightforward calculation yields 

-£2 = 1 + 7rf - 7r| - 7r| - TT^ - 7r| + vrf + vr^ mod (7r2°). 
Here {p — 2)p + 1 = 4, so letting Z2 = (1 + 7r2) we get 

-£2 



~3 
^2 



= 1—1^2 mod (7r2). 



As 4 < 3^, we may apply lemma 3.27 to obtain the result. Then if a = 3 we have 
-e,^l + 4- -^f - - -^f - 4' + + 4' mod (Trf ) . 

Letting 

Z3 = (l + 7ri)(l-7r|)(l-7ri)(l-7ri), 

so that 

^ 1 + ttI - - - + mod (TTf ) ^ 



we find 



^3 
^3 



l-7rf mod(7rf). 



As 22 < 3^, we may again apply lemma 3.27 to obtain the result. 



Corollary 3.30. If p is odd, a > 2 and u E Zp , then 



^ is non-trivial in Zp(Fo)''/(/x(Qp(Fo)), (Zp(Fo)'')^'). 
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Proof. Let ui denote the projection of u onto Ui{Zp) C . Then 

n^^ = 1 + ^ Vip^ =l + vip mod (7rg"+^), 
i>l 



for some < Vi < p. Clearly, the projection of eaU~^ in the group Ui via the canonical 
decomposition = fipi x [/i is equal to —SaUi^, and it is enough to check that —SaUi^ 
does not belong to (/n n J7i , Uf) . 
If a = 2, then 



-£2%^ = -£2 mod (p) = (7rS(p)) 



1 

= l-7r2'-2)f+i mod (/xnf/i,f/f,«(^''))), 



and the result follows from theorem 3.28. 

If a > 3, we know from the proof of theorem 3.28 that for a suitable Zq, G Zp(7ro,)^ we 
have 



P 



^^l + (-l)"7r^ mod(7r^+i), 



for ka = p°' — 2p + 1, so that by proposition 3.22 

-£c 



UlZa 



= 1 - uiTT^^P") + (-l)"7r^ mod(7r^+^). 



As 



we obtain 



ka = {p-2)p+i+j2 ^{p1 < E "fiip')^ 

i=3 1=2 

= 1 + (-1)"^'" mod (TT^+l), 

where after successive multiplications eliminating all terms in tt^ for 1 < < fca; we have 
have used the element 



= (1 - ^Ji7r^(-"-^)) n (1 + {-ir\P-^ ^^^""'^b 



n( 

k=2 

-1 



with G Z such that {vxY = v\ mod p. It follows that — £a^ti ^ (a* H ?7i, ?7f). □ 

Corollary 3.31. If p is odd and Fq = /x(Qp(-Fo)); then J^u{Qp{Fo)j Po^fi) is non-empty 
if and only if 

1 if a = 0, 



ri divides 



[p — 1 if a> 1. 



Proof. The result for a = is obvious; so let a > 1. Since Fq = /u(Qp(Fo)), corollary 3.6 
applies if ri divides p—1. Because ri must divide the ramification index ^p{p"') = (p— l)p"~^ 
of Qp(-Fo) over Qp, it remains to show that Tu{Qp{Fq),Fq, n) is empty whenever p divides 
ri with a > 2. This however is a direct consequence of theorem 3.4 and corollary 3.30. □ 
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3.4. The p-part of ri for p = 2 

We now investigate tlie case wliere p = 2. Recall that a > 1 is defined to satisfy 
1-^0 n 5^1 = 2". We know from example 3.9 that £a = 2~^7ra^^ always belongs to 
{1j2{Fo)^Y modulo the subgroup generated by — ^4 if a > 2. We will hence look for 4-th 

powers when a > 3. 

Let ^ := ;u(Q2(-Fb)) denote the group of roots of unity in Q2(-Pb) and fix a primitive 
2"-th root of unity in /x. As in the previous section we consider the decreasing filtration 

MFo^ =UoDUiDU2^ ... 

given by i7o = ^2(^0)^ and 

Ui = {x £ Uq \ X = 1 mod (vr^)} for i > 1, 

where Uq/Ui = H2'{Q2{Fq))^ and where Ui/Ui+i is isomorphic to the residue field of Q2(-f^o) 
for each i > 1. Recall that (tt^" ) = (2). Define 

to be the minimal polynomial of tt^ over Q2. 
Lemma 3.32. If p = 2 and a > 3, then 

■ 2 + 47r„ + Ovr^ + 47rj^ + TT^ if a = 3, 

= 2 + 47rf + 67rf + 47r3-2"-^ + 7rr-' mod (8) if a > A. 



Proof. The result for a = 3 is clear. When a > 4, the result follows by induction on 
4 < /i < a using the identity 

(1 + Xf"-' = {1 + X^ + 2Xf'-" 

= {1 + XY~' + ^'"'X{1 + XY~'~' mod (2'^). □ 

Proposition 3.33. If p = 2 and a>2, then 

2 = <^^") + <('"^^'"" modlTTf). 
Proof. By lemma 3.32 we have 

Qa{TTa) = 2 + 27rf + Trf mod (4). 

Hence 



2^-1 2"~2\ 2'^~l 

-7r„ - 27r„ j7r„ 
27ra 



2 ^ 


-1 oa — 2 

-2vr2 




2CK— 1 

= TTc, 




- 27r„ jvr^ 


2Q — 1 

= 




+ 2Tii + vr, 


2CK — 1 

= 




-2 2" , 2" 


2a— 1 

= 7I"a 




-2 



mod(7rr). □ 
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In the cases where Q2(-Fo) is completely ramified over Q2, for example if /X2'(Q2(-^o)) is 
trivial, wc have Uq = Ui. From the fact that £q. G Z2{'Ka) C Z2(-Po)^ in general, it follows 
that Ea always belongs to Ui. 

Proposition 3.34. Ifp = 2 and a>3, then 

Proof. For simplicity we let Z = tt^" ^ . Since 

-2 = AZ + 6Z^ + + mod (8) 
by lemma 3.32, we obtain 

2^Q — 1 

^ — = -1 - 2Z - 3Z'^ - 2Z^ 
2 

= 1 + {Z^ + 6Z^ +4:Z + AZ^) + Z{Z^ + 6Z2 + AZ + AZ^) 
+ Z^ + Z^{Z^ + + 4Z + 4Z^) 

= 1 + ^2 + + + + 2^2 + 2Z^ + 2^5 

= 1 + + + + - + + 4Z + 4^3) 

- + 6^2 + 4Z + AZ^) - Z^{Z'^ + 6^2 + AZ + AZ^) 

= 1 + Z'^ + Z^ + Z^ + Z^ mod(4). □ 

We will now prove that is non-trivial in the quotient group Ui/ {iiCiUi, Uf). 
Lemma 3.35. Let 

x = i + ^\< e{nnUi,uf) 

i>k 

with Afc ^ mod tt^ and each Aj satisfying A? = Aj /or the cardinality of the residue field 
of Q2(i^o)- // 3 < A; < 2", i/ten A; = mod 4. If a = 3 and k = 2, then Xq = 0. 

Proof. Recall that n J7i is generated by 1 + tt^, so that x is of the form 

x = {l + TTa)^y^ with < /i < 3 and y G C/i. 

If 3 < A; < 2", it easily follows that /i = and a; is a 4-th power. Furthermore, for any 
a G Z2(-Po) we have 

+ = 1 + 4a< + 6aM^ + 4aV^* + aV^^ 

= l + 6a27r2* + aX^ mod«+2--(2")). 

As 

Ai < (^(2") + 2i ^ i < 2"-2, 

we obtain 

n+ M4^/l + °'<' mod (4^+1) ifz<2"-2, 

^ -\l + (a4 + a>f mod(7rr+i) ifz = 2"-2, 

and the result for 3 < A; < 2°" follows. 
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Now suppose that a = 3 and k = 2. In this case h = 2 and y = 1 + biTs for some 
b G Z2{Fq). Using proposition 3.33 we get 

X = (1 + 7r3)2(l + ^vrg)^ 

^ (l + 7ri + ^i + vr|)(l + 6M + &M) 

= 1 + 7r| + 6V| + vrf + (6^ + 6^)7r^ + 4 mod (vrf). 

If A4 = 0, then 6 = mod (vrs) and consequently \q = 0. On the other hand if A4 = 1, 
then 6=1 mod (tts) and once again Ae = 0. □ 

The idea of theorem 3.36 is the same as in the case p > 2: we divide the Ti^-adic 
expression of Sa by a 4-th power in Ui in such a way that the resulting expression is in a 
form that allows lemma 3.35 to be used. 

Theorem 3.36. If p = 2 and a>3, then 

Proof. Since G Ui it is enough to show that n J7i, Uf). 
In case a = 3, we know from proposition 3.34 that 

£3 = l + 7r| + 7r| + 7rt + 7ri mod (Trf), 

and a direct application of lemma 3.35 yields the result. 

Now assume a = 4, and let /j4 := 2^ — 2 = 14. By proposition 3.34 

£4 = 1 + 7r| + 7rf + 7rf + 7rf mod (7rf ) . 

As 

(1 + 7r4)^(l + 7r|)^ = (l + 7r| + 7rf + 7rf)(l + 7rf + 7rf) 

= l + 7r| + 7r| + 7rf + 7rf + 7rf mod (Trf), 

letting 

Z4 = (l + 7r4)(l + 7r|)(l + 7r|) in ^2(7^4)'', 

we get 

^ = 1 + TT^ mod (Trf). 

Z4 



Hence by lemma 3.35, it follows that £4 does not belong to {jj, Ci Ui, Uf). 

Furthermore assume a > 4, and let ka ■= 2" — 2. Suppose there is an element Za in 
^2(7ra)^ such that 

^ = l + 4„7r^ mod (Trf), 
with dk„ ^ mod 2 in the residue field. By corollary 3.14 and lemma 3.12 we have 

Ea+l = ia{£a) = (1 + dkccT^l%)ia{Za)^ mod (tT^+'^i'), 

SO that 
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for a suitable z'^^^ in Z2(7rQ+i)^. Let fc^+i := k^. + ¥?(2°+^) = 2^*+^ - 2, and let 

:= 1 + difc„7r^+i e Z2(7ra+i)'^ 
with dfc^ in the residue field such that = d^^ mod 2. Note that 

(1 + 4„7r^i)^ = 1 + 4„7r2^+i + 4„7rr+l*^« mod (7rf+Y), 
where 2" + fca = 2"+^ - 2. Then by proposition 3.33, letting 



we have 



z4 



= 1 + 4<.+i7ra+Y mod (TTa+l ) , 



with d^^^^ ^ mod 2 in the residue field. Since fca+i < 2""'"^, we can apply lemma 3.35 
to obtain that is non-trivial in C/i/(/x, [/f ). The result then follows by induction on 
a > 4. □ 

Corollary 3.37. Ijp = 2, a > 3 and ueZ^, then 

^ is non-trivial in Z2(Fo) V(MQ2(i^o)), (Z2(i^o)'')^>. 
Proof. Since u G , its inverse is of the form 



u 



-1 



1 + J2^i2' 



i>l 

= l + vi2 

^ 1 + v,{7rr' + „,od (4) = (ttD, 



where Vi G {0, 1} and where the last equivalence follows from proposition 3.33. As in 
theorem 3.36 it is enough to show that eaU~^ does not belong to (/x PI Ui, Uf). 
If a = 3, we know from proposition 3.34 that 

£3 = l + 7ri + 7r| + 7r| + 7rf mod (Trf). 

Hence 

esW^ = (l + 7r| + 7r| + 7r| + 7r^)(l + ?;i7r| + fi7rf) 
= 1 + 7r| + (1 + vi)7rl + vrf + (1 + 2ui)7r^ 
= 1 + 7ri + (1 + i;i)7r| + 7r| + 7rf mod (7r|), 

and lemma 3.35 implies £3^"^ (/U H ?7i, Uf). 

Now if a > 4, we know from theorem 3.36 that for a suitable Za G Z2(7ra)^ we have 

g^l + TT^ mod(7r^+^) 

for ka = 2°' — 2, so that by proposition 3.33 

^ ^ 1 + v.Trf'"^ + v^^t^"^^^"--'' + TT^ mod (7r^+^). 
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Letting 



we have 



Hence by lemma 3.35 



^" = 1 + tt'^" mod fTT^^+^l 

y^4y4 — ^ "a ^^^^^ V"a ^ 



and ea^^"-^ (/x D C/i, C/^). □ 
Corollary 3.38. If p = 2, then Fu{Q.2{Fq), Fq, ri) «s non-empty if and only if 



ri divides 



2 if a > 2 with either u = ±1 mod 8 or ("a £ -Poi 
1 if a < 1, or u = ±3 mod 8 and Cs -Fb- 



Proof. The case a < 1 is clear; so let a > 2. A necessary condition for J^m(Q2(^o)) ^Oi ''i) 
to be non-empty is that ri divides 2"~^, the ramification index of Q2(-?^o) over Q2- If 
a = 2, then ri divides 2. Otherwise if a > 3, corollary 3.37 and theorem 3.4 imply that 
ri must also be a divisor of 2. 

By theorem 3.4, the integer ri may be any divisor of 2 if and only if ^ is a square of 
'^2{Fo)^ modulo Fq. In fact this is true if and only if u is a square of Z2(-Fo)^ modulo 
Fq, since by example 3.9 we have G ((^2(-^o)^)^) -fo)- The result is then obvious if 
u = ±1 mod 8. Otherwise if n = ±3 mod 8 we have u = ±3^^ for some z £ TL^ , and it 
remains to verify that —3 belongs to ((Z2(-fo)^ -^o) if and only if Fq contains a 3rd root 
of unity (^3. If such a (^3 exists, we let p = 2^3 + 1, so that 

p2 = -3 and Q2(p) = Q2(C3)- 

Conversely if there is a p such that = — 3, we take C3 = ^(p— !)• D 

Corollary 3.39. If p = 2,Fq = /x(Q2(i^o)), [^2(^0) : Q2] = n, then J„(Q2(i^o), n) is 
non-empty if and only if 



ri divides 



2 if a >2 with either n = ±1 mod 8 or even, 
1 if a < 1, or u = ±3 mod 8 and ria odd. 



Proof. Under these assumptions, Fq = C2c«(2"c»_i) by proposition C.8. The result follows 
from corollary 3.38 and the fact (3 G Fq if and only if is even. □ 

Remark 3.40. When Fq = //(Q2(-fb))) we know by corollary 2.18 that Fi is the unique 
element of ^u{Q2{Fq), Fq, ri). We may therefore assume Fi to be of the form 



Fi = {xi) X Fq with xi 



2u if ri = 1, 

{l + i)t ifri = 2, 



for i a primitive 4-th root of unity in Q2(-^o)^ and 

fZo if u = ±1 mod 8, , o if = 1 or — 3 mod 8, 

i G < with t = < 

I^2{C,^Y if M = ±3 mod 8, \-u if u = -1 or 3 mod 8. 
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3.5. The determination of r2 

We fix Fq and ri such that J^ui^QpiFo), Fo,ri) is non-empty, and fix an element Fi in 
•^u(Qp(-^o)) -^^0) ^i)- Corollary 3.31 and 3.38 provide conditions on ri for this to happen, 
in which case, according to remark 2.17, there is an element xi G Qp(-Fo) satisfying 

v{xi) = ^ and Fi = {Fq,xi). 

We want to determine for which integer r2 the set Tu{C^x (Fq), Fi,r2) is non-empty, that 
is, for which r2 dividing there exists an clement X2 G such that = a with 
a e Fi and v{a) = v{xi), and such that Qp{Fo,X2) is a commutative field extension of 

Qp{Fo)=Qp{F\). 

As seen in theorem 2.21, the existence of such an X2 is equivalent to the irreducibility 
of the polynomial X'^'^ — a over Qp(-Fb) with r2 dividing n[Qp{Fo) : Qp]~^. 

Theorem 3.41. Let K be afield, a E andr >2 an integer. Then X'^ —a is irreducible 

over K if and only if for all primes q dividing r the class a G FP'i^jr^ K^) is non-trivial 
in H'^{'Z/q, K^), and if ^ is non-trivial in i?^(Z/4, iiT^) when 4 divides r, where all 
cohomology groups are with trivial modules. 

Proof. This is just a cohoniological interpretation of [14] chapter VI theorem 9.1. □ 

In general, there is a well defined map 

S: K[X]/{X' -a) 

from H'^{'L/r, K^)io the set of isomorphism classes of algebra extensions of K by equations 
of the form X"^ — a = 0. This map is injective: if there is an extension in which X*" — a = 
and X'^ — 6 = both have solutions, then f is a r-th power and becomes trivial in 
H^{Z/r,K''). Denote by 

HU^/r,K'') CH'^{Z/r,K'') 

the subset of all elements of H'^('Z/r, K^) that are sent to a commutative field extension 
of K via S. Furthermore assuming that K = Qp{Fq) has ramification index e(Qp(Fo)) 
over Qp, we consider the homomorphism 

i* : H\Z/r,F\) H\Z/r,Qp{For) 

induced by the inclusion Fi C Qp(Fo)^. We arc interested in understanding the set 

HUyr,qp{Fo)'')ni*{H\l./r,F\)). 

Note that we have a non-canonically split exact sequence 

1 /x(Qp(Fo)) X Z^^piW.] ^ q^(^For (ttfo) ^ 1, 

for ttfo a uniformizing element in Qp{Fo). Moreover there is a commutative diagram 

i?2(Z/r, Fi) ^ H^{Z/r, Qp{Fo) >< ) (3.2) 

f f 
H^Z/r, (xi)) ^ H\Z/r, {-kf,)) 



Z/r 
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where the top vertical arrows are non-canonically spUt surjective homomorphisms respec- 
tively induced by the canonical surjections 



Fo X (xi) — > {xi) 



and 



and where the bottom horizontal map is the identity if Qp{Fq) is unramified over Qp, or 
otherwise is by multiplication with 



e(Qp(Fo)) 
n 



Ip'^-iPzl ifp>2, 



Define rFo,ri to be the greatest divisor of [q (Fo)-q ] which is prime to 

'l if e(Qp(Fo)) = 1, 
2^ if p > 2 and a > 1, 

if p = 2, a>2 and either u = ±1 mod 8 or (^3 G Fq, 
a p = 2, It ^ ±1 mod 8 and Cs ^ -Fo- 



ri 

2_ 
ri 

1 



Theorem 3.42. Suppose p > 2 and Fi G J^u{Qp{Fo), FQ,ri) ^0. If r2 divides rpg^ri, 
then Tu{Cjjix{Fo), Fi,r2) is non-empty. 



Proof. First note that if q = 0, we must have ri = 1 and .ti is a uniformizing element of 
the unramified extension Qp{Fo)/Qp. In this case rp^^ri = [q (Fo)-Q ] result follows 

from the embedding theorem. 

Now assume that a > 1, and let r' = r'p^ denote the p'-part of r = rpo^n- Then for 
any prime q dividing r' , diagram (3.2) can be extended to the commutative diagram 



H\Z/r, Fi) H^{Z/r, Qp(Fo)x ) ^ H'^iZ/q, Qp(Fo)x) 



Z/r 



■Z/r- 



Z/q, 



where j : Z/g — > Z/r is the inclusion and the bottom right horizontal map is the canonical 
projection. Since r is prime to it follows that r' , and hence q, are prime to £We1^o11_ 

Thus for any 5 € Fq, the image of xi5 € Fi is non-trivial in Z/q = H'^{Z/q, (vTfo)), and 
consequently non-trivial in H^(Z/q,Qp{FQ)^). In a similar way, it is equally non-trivial in 
i?^(Z/4, Qp{Fo)^) if 4 divides r. The result then follows from theorem 3.41 and corollary 
3.30, where we have shown that , and hence xi, is non-trivial in H'^{Z/p,Qp{Fo)^).D 

Theorem 3.43. Suppose p = 2 and Fi G -^u(Q2(-Fo), Fq, ri) / 0. If r2 divides rFo,ri, 
then J^u{Cjqx{Fq), Fi,r2) is non-empty. 

Proof. First note that if a < 1, we must have ri = 1 and xi is a uniformizing element of 
the unramified extension Q2(Fo)/Q2- In this case rFo,ri = [(Q2(Jb)-Q2] result follows 

from the embedding theorem. 

Now assume that a > 2. If r2 is divisible by 2, then so is rFg^n and we know from 
corollary 3.38 that xi is non-trivial in iJ^(Z/2,Q2(Fo)^). Moreover if r2 is divisible by 4, 
the fact that 

(l + C4)' = -4 
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imply that is non-trivial in ii"^(Z/4, Q2(-^o)^)- Furthermore for any odd prime q 
dividing r = rFo,ri, diagram (3.2) can be extended to the commutative diagram 



H^iZ/r,Fi) H\Z/r,Q2iFo 



■H\Z/q,Q2iFo 



Z/r 



■Z/q, 



^Z/r 

where j : Z/g — ?■ Z/r is the inclusion and the bottom right horizontal map is the canonical 
projection. As q is prime to ^, the image of xi is non-trivial in Z/q = H^{Z/q, (iTp^^)), 
and consequently non-trivial in if^(Z/g, Q2(-^o)^)- We may thus apply theorem 3.41 to 
obtain the desired result. □ 

We say that ri is maximal if Tu{Qp{Fo) , Fq, n) is non-empty and Tu{Qp{Fo) , Fq, r) is 
empty whenever r > ri . 



Corollary 3.44. Let p be any prim,e. If ri is maxim,al, then 
j'„(C„x (Fo), Fi,r2) / if and only if r2 



n 



and any element F2 in Tu{C^x{Fo), Fi,n[Qp{Fo) : Qp]~^) generates a maximal commuta- 
tive field Qp{F2) in B„. Moreover if Fq = /Lt(Qp(Fo)), the number of such field extensions 
is equal to 

\H\Z/r2,Fo)\ = |Fo®Z/r2|. 
Proof. By the maximality of ri we have 



rFo,ri 



n 



o{Fo) : Qp] 



and J^u{C-gi>^{FQ), Fi,r2) 7^ implies r2 | [q {Fo)-Q ] • '^^^ assertion then follows from 
theorem 3.42 and 3.43. 

As for the last assertion, if Fq = fi{Qp{Fo)), diagram (3.2) can be extended, via the 
short exact sequences 



1 - 
1 - 
1 - 

to the exact diagram 



Fo^Fi^ (xi) 1, 



H\Z/r2,{x^)) 



H\Z/r2,{^Fo)) 



H\Z/r2, Z^^^^'""^'-^-^) > i?2(Z/r2, Fq) > H^Z/r2, Fq x Z^^^^"""^'^^^) 



H\Z/r2,Fi) 



H\Z/r2,%{Fo) 



H\Z/r2, (xi)) > il'(Z/r2, (tt^o)), 
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where all three first cohomology groups are trivial, and where we know from diagram (3.2) 
that the bottom vertical maps are surjectivc. In particular i* is injectivc on the kernels of 
the bottom vertical maps, and therefore the number of maximal fields of the form Qp(-F2) 
in is given by the cardinality of if^ (Z /r2 , Fq) . □ 



Chapter 4: 

On maximal finite subgroups of G^(ti) 



We consider a prime p, a positive integer n = [p — l)p m, with m prime to p, and a 
unit u G 7jp . In this chapter, we work in the context of section 2.6 in order to study the 
classes of maximal nonabelian finite subgroups of (G„(n). 

More particularly, we consider (nonabelian) finite extensions of F2 when Fq is maximal 
as an abelian finite subgroup of and the field L = Qp{F2) is maximal in D„. In this 
case Cjjx (F2) = and we have a short exact sequence 

l^Fi^L"" ^ L^'/Fi 1, 
which for W C Aut{L,F2,FQ) C Gal{L/Qp) induces the long exact sequence 

... ^H^{W,L'') ^H^{W,L''/F2) Br{L/L^) 

i 

H'^{W,F2) ''^ > ij"^(T^,LX) 

where the left hand term is trivial by Hilbert's theorem 90 (sec for example [15] chapter 
IV theorem 3.5). Then theorem 2.27 and 2.28 become explicit if we can determine the 
homomorphism z^. We will use the following fact extensively. 

Proposition 4.1. If i^y is an epimorphism, then i-^, is an epimorphism for every sub- 
group W ofW. 

Proof. The bifunctoriality of the cohomology induces a commutative square 

H^{W, F2) H'^iW, LX) 

H'^{W', F2) H^iW, LX). 

By corollary B.12, the right hand map of this square is surjective. Hence if is surjective, 
the bottom horizontal homomorphism is surjective as well. □ 

The cases p> 2 and p = 2 are treated separately. 
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4.1. Extensions of maximal abelian finite subgroups of S„ for p > 2 

In this section, we assume p to be odd, Fq to be maximal abelian, and Fi to be maximal 
as a subgroup of Qp(-Fo)^ having Fq as a subgroup of finite index; in other words 

Tl 

Fq = Cpc X Cpna-i with < a < A;, ria = — r, 

and _ 

~ _ [Fq = -Fo X {pu) if a = 0, 

\Fq X (xi) if a > 1, 

where in the last case x\ G Qp(Cp) ^ Qp(Fb) satisfies 

= — ^ and xf"^ e -Fq = -Fq x (pu). 

In fact we may assume xi to satisfy x^~^ = puS for 6 G fJ-p-iiQpiCp)) given in corollary 
3.6 and remark 3.7. By definition Qp(-Fo) = Qp(-Fi), and because the latter is a maximal 
subfield of Dri we have Fi = F2. We let 



G := Ga/(Qp(Fo)/Qp) ^ 



C„ if a = 0, 

^Cp_i X Cpa-i X C„„ if a > 1, 



as given by proposition C.8. Prom our choice of xi, we know that Fi is stable under the 
action of a subgroup W Q G; this is because if cr G W, then is a (p— l)-th root of 

unity in , and hence (t{xi) G xi{(^p-i) C Fi for Cp-i ^ Qp ■ The goal of the section is 
to determine necessary and sufficient conditions on n, p, u and a for the homomorphism 

i*G:H\Gji)^H\G,%{FQr) 

to be surjective, and whenever this happens, we want to determine its kernel. This is done 
via the analysis of 

: H\WJ^) H\W,%{For) 
for suitable subgroups W ^G. 

The case a = 

The situation is much simpler when the p-Sylow subgroup of Fq is trivial. 
Lemma 4.2. If a = and W = Cn, then 



{{pu) X Cp-i if* = 0, 
ifO<*isodd, 
{pu) / {{pu)"') if < * is even; 



H*{w,qp{FQr) 



if* = 0, 
ifO<*is odd, 

{p) I (p") «/ < * is even. 
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Proof. The action of Cn = W on Fi = (pu) x Cpn_i is trivial on (pu) and acts on Cpn_i 

byC^e. _ _ 

For t a generator of C„, written additively, and N = X^"=o^t', H*{Cn,Fi) is the 
cohomology of the complex 

Using additive notation for Fi = Z x Z/p" — 1, we obtain 

(1 - m, 0) = (0, 0), (1 - i)(0, 1) = (0, 1 - p), 

iV(l,0) = (n,0), iv(o,l) = (0,^^), 

and the desired result for H*{W,Fi) follows. 

Now let L = Qp(Fo) = Qp(^) and K = L^. Then 

i?°(iy,Qp(Fo)^) = =Q; 

and H^{W,Qp{Fi)) = by Hilbcrt's theorem 90. Furthermore, since L/K is unramified, 
we know from proposition B.13 that the valuation map induces an isomorphism 

H'^{W,L'') ^ H^{W, = Z/|W^|Z. 

e[L) 

Here e(L) = 1, and as v{p) = 1, the element p represents a generator of the cyclic group 
H'^{W,L^). The result then follows from the periodicity of the cohomology. □ 

Corollary 4.3. If a = and W C Cn, then is an isomorphism. 

Proof. Let L = Qp(-Fo) and K = L'^" = Qp. Since L/K is unramified, is in the image 
of the norm by proposition B.13 and u G Ni/j^{L^). Hence i*(^^{pu) = p and i*(~i^ is an 
isomorphism. For any subgroup W C C„, it follows from proposition 4.1 that i'^ is an 
epimorphism, and hence from lemma 4.2 that it is an isomorphism. □ 

Example 4.4. Let a = and Fq = Cpn_i generated by a primitive (p" — l)-th root of 
unity uj. Since Qp(-Pb)/Qp is a maximal unramified commutative extension in D„, we have 
Fq = Fi = i<2- Furthermore, as noted in remark C.5, there is an element in that 
generates the Frobenius a of Qp(w) in such a way that 

Bn = Qp(a;) {iu)/{C = P^, iux = x'^iu) and o;^ = u:^ . 

Hence for any u G Z^ , F3 = x {^u)- In Gn{u), we therefore have an extension 

1 ^ Fo ^ F3 ^ C„ ^ 1 

with C„ = Gal{Q,p{FQ) /Q^p) acting faithfully on the kernel and 

F3 = {U,l^ I UP"-^ =Tu = ^, lu^V = = Cpn-l X Cn 

for ^„ the class of in <Gn(n). 
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The case a > 1 

For the rest of the section we let a > 1. The Galois group G of Qp(i^o)/Qp decomposes 
canonically as 

G = Gp X Gpt , 

where Gp = Cj,a-i x Cna is the p-torsion subgroup in the abelian group G and G„i = 
Cp-1 X Cm is the subgroup of elements of torsion prime to p. If W is any subgroup of G, 
then W decomposes canonically in the same way as 

W = WpX Wpi with Wp C Gp and C Gp/. 

For any such C G we define the groups 

Wo := Wp>, Wi := Wq x {Wp n Aut{Cpa)) and W2 := W. 

Proposition 4.5. If a>l, then iy^^^ is always an isomorphism. 

Proof. The inclusion -Fi C Qp(Fo)^ induces a short exact sequence 
l^Fi^ QpiFo)"" Qp{Foy/Fi 1, 
which induces a long exact sequence 

^H^{Wo,qp{For/F\) ^H^{Wo,F\) 

i* 

H\WoMp{For) -i?2(Wo,Qp(Fo)x/^\) ^ 

The group Q.p{Fq)^ /Fi fits into an exact sequence 

1 Zp^For/Fo %{For/Fi Z/Z(xi) 1, 

induced by the exact sequences 

1 -^Fi^Z{xi) 1, 

1 -LpiFor ^Qp(Fb)^ ^ Z ^ 1. 

Note that the group Zp(Fo)x/Fo is free over Zp, while as Fi is maximal the quotient 
Z/Z(xi) = Z/n'u(a;i)Z is a p-torsion group. Since \Wq\ is prime to p we get 

H*{Wo,7.p{FoY /Fq) = H*{Wq,'L/'L{xi)) = for * > 0. 

Thus 

H*{WQ,%{FQY/Fy) = {) for*>0, 
and the result follows. □ 
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Lemma 4.6. If a > 1 and W = Cp-i C Aut{Cpa), then 

{PU) X Cpna-l if * = 0, 

H*{W,Fi)^{0 ifO<*isodd, 
Cpna-i (8) Cp-i = Cp-i if < * is even; 

MFof if* = 0, 
H* (W, Qp(Fo) ifO<* is odd, 

M^of /^wiQpiFo)'') ^ Cp_i ifO < * is even. 

Proof. Consider the short exact sequence 

l^Fo^F\^ Z{xi) 1; 

it induces a long exact sequence in cohomology 

H^{W,Fo) H^{W,Fi) H^(W,Z{xi)) H\W, Fq) ^ 

where the action of W is trivial on while faithful on the first factor of Fq = 

Cpa X Cpna-i aud trlvlal on the second factor. Note that the first factor of Fq splits 
off and has trivial cohomology. Hence for t a generator of W, written additively, and 
N = YhZq t\ the cohomology H*{W, Fq) can be calculated from the additive complex 

Z/(p"" - 1) ^^Z/(p"- - 1) ^^Z/(p"« - 1) . . . 



with 

(l-t)(l)=0 and iV(l)=p-l; 
while H*(W,Z{xi)) can be calculated from the additive complex 



with 

Consequently 



(l-t)(l) = and N{l)=p-1. 



H*{W,Fq) ^ < 



CpUa-l if * = 0, 

CpTia-i * Cp_i = Cp_i if < * is odd, 
CpTia-i (8) Cp-i = Cp_i if < * is even; 



]{xi) if* = 0, 
H*{W,Z{xi)) ^ {0 if < * is odd, 
Cp-i if < * is even, 

where Cp^a-i * Cp-i denotes the kernel of the (p— l)-th power map on Cp^a 

Clearly, (pu) x Cp"a_i C Fi . Since x^* ^ = pii5 with S a (p— l)-th root of unity in , 

we know that Qp{xi) = Qp. Consider an element z = Xiyiy2 in Fi with yi G (Cp") 
and y2 G (Cp"c«-i). Then for a E W, y2 is invariant under a, and we have 

(^{xi) ^ ^ yi 
Xl J cr(yi)' 
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Since the order of ^^^^ divides a power of p and the order of divides p — 1, we 

must have = 1, and hence yi = 1. Therefore Xi is invariant under a, and as 

Qp{xi)^ = Qp(Cp)^ = Qp) we know that I = mod p — 1. It follows that the valuation 

— w 

of Fi is integral, and therefore 

n W 

H^{W, Fi) =Fi = {pu) X Cpn^^i. 

Since the image oi H°{W,Fi) in H^{W,Z{xi)) ^ Z{xi) js Z{pu), the group H'^{W,Z{xi)) 
surjects onto H^{W, Fq) = Cp-i, and therefore H^{W, Fi) = 0. By the periodicity of the 
cohomology, the map 

H\W,Z{^i)) ^ H\W,Fo) 

is an isomorphism, and as H^{W,Z{xi)) = we obtain 

H\W, Fi) ^ H\W, Fo) = Cpn^-i ® Cp_i. 

Finally, the triviality of (W, Qp{Fo)^ ) is a direct consequence of Hilbert's theorem 
90, while the remaining cases for H* (W,Qp{Fq)^) follow from the characterisation of the 
Brauer group in terms of the invariants and the norm relative to the Galois group W as 
given by theorem B.8 and corollary B.ll. □ 

Lemma 4.7. If a = 1, 0^ = Ga/(Qp(Cp"i_i)/Qp), and Cp-i = Aut{Cp), then 

^ {pu) X Cp-i if* = 0, 

H* (Cm , Fi^""' ) ^ <! ifO<* is odd, 

ipu) / {{pu)"'^) if < * is even; 



^p if* = 0, 

ifO<*is odd, 

ip) I ip"'^ ) ifO<*is even. 



' ^ 1 

Proof. The action of C^^ on i^i = {pu) x Cp^i-i is trivial on the first factor and acts 
on Cpni_i by C 1-^ C^- 

Let t be generator of Cm, written additively, and N = J27=o^^^- Using additive 
notation for Fq ^ Z x Z/p^^ - 1, we obtain 

(1 - 0) = (0, 0) (1 - t)(0, 1) = (0, 1 - p), 

iV(l,0) = (ni,0), iv(o,l) = (0,^^), 

and the desired result for H*{Cni,Fi ^ ^) follows. 
Now for L = Q,p{Fq)^p-'^ and K = L*^"! , we have 

and H^{Cni, L^) = by Hilbert's theorem 90. Furthermore as L/K is unramified, we 
know from proposition B.13 that the valuation map induces an isomorphism 

H\Cn„L'') ^ H\Cn„ ^ Z/mZ. 

Here e(L) = 1, and as v{p) = 1, the element p represents a generator of the cyclic group 
H'^{Cni, L^). The result then follows from the periodicity of the cohomology. □ 
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Corollary 4.8. If a = 1, then H*{Cni,Fi^'' ') ^ H*{Cn„{Qp{Fofp-^)'') is an isomor- 
phism for < * even. 

Proof. Let L = Qp{Fo)'~'p-^ and K = L*-^"! = Qp. Because the extension L/K \s unram- 
ified, proposition B.13 implies that the group of units of the ring of integers Ok of K is 
contained in the norm Niik{L^). As p is a uniformizing clement of = , it is a 
generator of the cyclic group /Nl/x{F^) — H^{Cni,L), and the result follows. □ 

Lemma 4.9. If a>2, Wq = Gpi and C^a-i C Aut{Cpa), then 



H*{Cpa-i,Fi ") = < ifO<*is odd, 

I Q, ]^ 

\{pu) / {{puY ) = Cpa-1 ifO<* is even; 



if*(C^„-i,(Qp(Fo)^°)X)=< 



:p(Fo)'^°x^."-)X if* = 0, 



ifO<*is odd, 

Cpot-i if < * is even. 



Proof. The action of Cp-i C Wq H Aut(Cpa) on Fi = (xi) x Cp^a-i x Cpa being faithful 
on the first and last factors, we have Fi = (pu) x C^i^_^, and consequently the action 

of Cpa-i on Fi ° is trivial. 

Let t be generator of Cpa-i, written additively, and N = J2i=o Using additive 

notation for Fi = Z x Z/{p^-l) we obtain 

(l-t)(l,0) = (0,0), (l-t)(0,l) = (0,0), 

N{1,0) = {p^-\0), N{0,1) = (0,p°-i), 

— Wo 

and the desired result for H*{Cpa-i,Fi ) follows. 

The case of iJ*(Cpa-i, (Qp(Fo)^o)x) follows from Hilbert's theorem 90 when * is odd, 
while the case where < * is even is given by the isomorphism 

(Qp(i^o)^°"^-"-^)7^c^„-i((Qp(i^o)^°)") = Cp.-.. □ 

In view of theorem 4.13, we are only interested in the case where Wi is maximal, that 
is Wi = Gpi x {Gp n Aut{Cpc.)). 

Corollary 4.10. If a > 2, Wo = Gp> and 11^1/1^01 = then 

H*{W^/Wq,F^^') H*{Wi/Wq, (Qp(Fo)^°)^) /or < * even 
is surjective if and only if it is an isomorphism, and this is true if and only if 

u lJ'{1'p ) X {x G Zp \ X = I mod (p^)} and a = k. 
Proof. The first assertion is an obvious consequence of lemma 4.9. Let 
M:=Qp{Fo), L:=M^° and K := L'^p''-^ = 
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Since L/K is totally ramified, we know fi:om proposition B.13 that 

and as Nq/^y^ o ^C^a-i (^l) = -^G/Wo(^l)' consider the homomorphism 

given as the composite 



We claim that r is an isomorphism. Because Gal{L/Qp) preserves O^, and hence P 
for I the residue field of L, we have an epimorphism Gal{L/Qp) Gal{l/¥p) whose kernel 
will be denoted A. Since K is the maximal unramified subextension of L/Qp, we may 
consider the short exact sequences 



j(-) 



A 



Gal{L/K) 



Gal{L/Qp) 



Gal{L/%) 



red 



pr 



Gal{l/¥p) 



Gal{K/%) 



1, 



where the bottom two squares commute, the middle vertical isomorphism is the norm 
residue symbol of L/Qp as defined in [20] section 2.2, the top left hand vertical map is 
its restriction, and where the top right hand vertical isomorphism is given by the power 
map of the Probenius automorphism a G Gal{l/¥p). By local class field theory (see for 
example [13] chapter 2 §1.3) we have 



pr{x, L/Qp) = (x, K/Qp) for all x G /NG/Wo{L'')■ 
On the other hand [20] proposition 2 shows that 

(x, K/Qp) = a^"^^ for all x G Q^^ /Ng/Wo {L"")- 

It follows that the top right hand square in the above diagram, and hence the diagram 
itself, is commutative. Prom the five lemma, the top left hand vertical map of the diagram 
is an isomorphism, and as Gal{L/K) = C^a-i, we get 

NG/Wo{Oi) = K^;)xUc,{I'^) 



as a subgroup of index p" in . By corollary B.ll, we know that H {Cpa-i , L^) has 
order The norm Ng/W\ '■ ^ being surjective by proposition B.15, it follows 

that r is an isomorphism. 

As a consequence of this latter result, our map of interest 



is surjective (and hence an isomorphism) if and only if ri* is surjective, that is, if and 
only if T(r(pu)) is a generator of the cyclic group Z^/NG/Woi^D - )/t^a(Zp )• In 



4.1. Extensions of maximal abelian finite subgroups of S„ for p > 2 



79 



fact i*{pu) = i*{u). Indeed, as seen in example B.14, there is an element x G Qp(Cp") such 
that 

for X = Ncp_j^{x) in Qp(Cp")*^^"^ Q L; by remark B.16 we then have 

peNcp_^{L'') and i* (pu) = i* (u) . 

Furthermore as ni^p) C Nqi-^^{0^), we have t{u) = t{u-\) for ui the component of 
w G Zp in [7i(Zp ) via the isomorphism Z^ = ^i{'Lp) x [/i(Zp ) of proposition C.7. Letting 
2; G Zp be such that ui = 1 + zp, we finally obtain that 

T{pu) = Nq/wM^) = uf'^'^ = 1 + z\G/Wi\p mod / 

is a generator if and only if 

u n{Z^) x{xeZ^ \x = l mod (/)} and \G/Wi\ ^ mod p, 

the latter condition being equivalent to a = A; (or Ua = m). □ 

Lemma 4.11. If a > 2, Wo = Gp>, \W/Wi\ ^ 1 and L = Qp{Fo)^^ with v{L) = ^Z, 
then 



H*{W/Wi,Fo 



{pu) X Cp_i «/ * = 0, 

ifO<*is odd, 

{pu) I { (pu) I w^/^i I ) ifO<*is even; 



H*{W/Wi,L'' ) ^ <( ifO<* is odd, 

< * is even, 

for vr a unifomizing element of jj^l^^ . 

Proof. Since VFq = Gp' C Wi, none of the elements of Cpa are left invariant by W\, and 
we have Fq = {pu) x C^ii^__^. The action of W/Wi on this group is trivial on the first 
factor and acts on C "a hy C C^- 

p m — 1 •' ^ ^ 

Let t be generator of W/Wi, written additively, and N = X^^^g^^' ^ Using additive 
notation for Fq = Z x Z/(p ™ — 1), we get 

(1 - t){l,0) = (0,0), (1 - t){0, 1) = (0, 1-p), 

P m — 1 



p — 1 



iV(l,0) = (|T^/Wi|,0), iV(0,l) = (0, 

— Wi 

and the desired result for H*{W/Wi,Fo ) follows. 
Now let K = L^/^\ Then 

H^{W/Wi,L'') = K"" and if^(VF/VFi, L^) = 

by Hubert's theorem 90. Finally, as L/K is unramified, proposition B.13 yields 

H\W/W,,L) ^ H\G, ^Z) - -^Z/|W^/W^i| • ^Z ^ (7r;,)/(7rf /^^l) 

for Tlx a uniformizing element of K. The result then follows from periodicity of the 
cohomology. □ 
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Corollary 4.12. Ifa>2,Wo = Gp,, \W/Wi\ ^ 1 and L = Qp(Fo)^i with v{L) = ^Z, 
then 

— W-i 

H*{W/Wi,Fi ) H*{W/Wi,L'') /or < * even 

is surjective if and only if it is an isomorphism, and this is true if and only if e{L) divides 
p-1. 

Proof. The short exact sequence 

1 ^ ^ — >Fi^Z/p-l — ^ 1 
induces a long exact sequence 

1 ^ ^ ^ (Z/p - 1)^^ ^ H\W^,Fo'"'') ^ . . . , 

which in turn induces a short exact sequence 

1 — >Fo — >Fi ^1^1 

where |/| divides p — 1. Since W/Wi is a p-group, |Vl^/W^i| is prime to p — 1 and we have 
H*{W/Wi,I) = for * > 1. Hence 

H*{W/Wi,Fi ) ^ H*{W/Wi,Fq ) for * > 2, 

and by the periodicity of the cohomology of the finite cyclic group W/Wi this is also true 
for * = 1. For * = 2, we are interested in the image of this group in H'^{W/Wi, L^). Let 
K = L^/^i and M = Qp(Fo)- From lemma 4.11 we have 



and we know that e(L) divides e(M) = {p — l)p" . Because L/K is unramified, the 
group is contained in the norm A^£,/^(L^) by proposition B.13. The map 



H^{W/Wi,Fi^') H^{W/Wi,L'') 

is therefore surjective if and only if v{pu) = v{p) = 1 is a generator of ^^^/ ^^^'j^^^ Z, and 
this is true if and only if p does not divide e{L). □ 

Theorem 4.13. Let p be an odd prime, n = {p — l)p^''^m with m prime to p, u E , 

Pq = Cpa X Cpna-i tc Q, wMximal abelian finite subgroup in S„, G = Gal{Qp{FQ) /Qp) , 
Gpi be the p' -part of G, and let Fi = {xi) x Fq C Qp(-Fo)^ be maximal as a subgroup of 
Qp(-^o) ^ having Fq as subgroup of finite index. 

1) For any < a < fc, there is an extension of Fi by Gpi; this extension is unique up 
to conjugation. 

^) If o: < 1, there is an extension of Fi by G; this maximal extension is unique up to 

conjugation. 

3) If a>2, there is an extension of Fi by G if and only if 

a = k and u ^ /x(Zp ) x {x G Z^ | x = 1 mod (p^)}, 
in which case this maximal extension is unique up to conjugation. 
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Proof. 1) From corollary 4.3 and proposition 4.5 we know that the map 

is an isomorphism. Existence and uniqueness up to conjugation of an extension of Fi by 
Gp' then follow from corollary 2.29. 

2) The case a = follows from corollary 4.3 and corollary 2.29. Now assume that 
a = 1 and that W = G = Cp-i x C^j. We have a short exact sequence 

1 ^ Cp_i ^ W ^ Cn, 1, 

which gives rise to the Hochschild-Serre spectral sequences (see [4] section VII.6) 

By lemma 4.6 and proposition 4.5, each map £^2 * ~^ -^2 * isomorphism for t > 0. 

Moreover, by lemma 4.6 we have 

and 

H'>{Cp-i,qp{For) = {qp{Fof''-'r = Qp{Cpni-ir. 

Then lemma 4.7 and corollary 4.8 imply that the map — >■ £^2'* isomorphism as 
well for i = and s > 0. It follows that 

i*w : H*{W,F\) /f*(W,Qp(Fo)X) 

is an isomorphism for * > 0. Existence and uniqueness up to conjugation then follows 
from corollary 2.29. 

3) Assume that a > 2 and that W C. G is such that Wq = Gpi with |Wi/Wo| 7^ 1 and 

7^ 1- We have a short exact sequence 

1 — >Wo — >Wi — > Wi/Wq 1, 

which gives rise to the spectral sequences 

E'/ ^ H'{Wi/Wo, H\Wo, Fi)) =^ H'+\Wi,Fi), 

E'/^H'{Wi/Wo,H\Wo,qpiFo)'')) =^ H'+^WiMpiFoV). 

By proposition 4.5 each map £'2'* £2 * isomorphism for t > 0. Moreover, we know 
from lemma 4.9 and corollary 4.10 that when t = and s > 0, a necessary and sufficient 
condition for 

H\Wi/Wo,Ff'°) ^ H'iWi/Wo,{qp{Fo)'^'^y) 

to be surjective (and hence an isomorphism) is that u is a topological generator in 
Zp /iiCZp) and a = k. The map 

H*{Wi,Fi)^H*{Wi,qp{For), for*>0 
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is thus surjective if and only if it is an isomorphism, and this is true if and only if 

u ) X {x G \ x = l mod {p^)} and a = k. 
Now assuming these conditions are satisfied, the short exact sequence 

1 — >Wi — >W — > W/Wi — > 1 

induces spectral sequences 

E'/ ^ H'{W/Wi,H\Wi, ¥1)) =^ H'+\W, Fi), 
E'/^H'{W/W,,H\Wi,Qp{For)) ^ H'+\W,Qp{For), 

s t s t 

where each map E2 — > -E2' isomorphism for t > 0. Furthermore, lemma 4.11 and 

corollary 4.12 imply that in case t = and s > 0, the map 

H%W/Wi,F\'^') H%W/Wi,{qp{Fo)'^^r) 

is surjective (and hence an isomorphism) if and only if e(Qp(Fo)^^) divides p — 1. In 
particular for W = G, the map 

i*a:H^{G,F\)^H^{G,Qp{FoV) 

is surjective (and hence an isomorphism) if and only if Wi is realized and e(Qp(Fo)^^) 
divides p — 1, that is, if and only if Wi is realized and W"i/Wo — Cpa. The result then 
follows from theorem 2.27 and corollary 2.29. □ 



4.2. Extensions of maximal abelian finite subgroups of S„ for p — 2 

In this section, we assume p = 2, Fq to be a maximal abelian finite subgroup of S„, 
and Fi to be maximal as a subgroup of Q2(-Pb)^ having Fq as a subgroup of finite index; 
in other words 

Tl 

Fq = C2" X C2"c«-i with 1 < a < k, 



^(2") 

By corollary 3.39, we have Fi = (xi) x Fq with 



v{xi) = 



1 if a < 1, or if n = ±3 mod 8 and n^, is odd, 
h if a > 2 and either tt = ±1 mod 8 or Ua is even. 



Remark 4.14. Since = 2'^ °'m with m odd, we have 

ria = 1 mod 2 <^ a = k. 



By remark 3.40, we may in fact choose xi £ Fi to be xi = 2u in the cases where its 
valuation is 1, otherwise to be xi = (1 + i)t for i G Q2(-Fo)^ a primitive 4-th root of unity 
and 

{Zo a u = ±1 mod 8, , n \u if = 1 or — 3 mod 8, 

with t = < 
Z2(C3)'' if u = ±3 mod 8, [-u if -u = -1 or 3 mod 8. 
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By definition Q2(-fo) = Q2(-^i), and because the latter is a maximal subfield of we 
have Fi = F2- We let 



G := GaZ(Q2(Fo)/Q2) 



Cn ifa = l, 

X €20,-2 X C2 if a > 2, 



as given by proposition C.8. From our choice of xi, we know that Fi is stable under the 
action of a subgroup W <^ G: if xi = 2u this is clear, and if v{xi) = | and a £ W wc 

have G -^0 and hence a{xi) G xiFq C F^. The goal of the section is to determine 

necessary and sufficient conditions on n, u and a for the homomorphism 

ih:H^iG,F{)-^H^{G,q2{For) 

to be surjective, and whenever this happens, we want to determine its kernel. This is done 
via the analysis of 

i*w : H\W,F\) H\W,Q2{Fo)'') 
for suitable subgroups W C G. 

The case a = 1 

The situation is much simpler when the 2-Sylow subgroup of Fq is contained in Q2 . 
Recall that * Cn denotes the kernel of the n-th power map on C2« . 

Lemma 4.15. If a < 1 and W = Gn, then Fi = {2u) x Fq and 
H*{W,Fi) ? 



{2u) X C2« «/ * = 0, 

C2« *Gn «/ < * is odd, 

{2u)/((2u)") X C2a (g) C„ «/0 < * is even; 



H*{W,Q2{Fo)'') ^ 



Q2 if* = 0, 

ifO<*is odd, 

(2) 7(2") ifO<*iseven. 



Proof. We know from corollary 3.39 that Fi = Fq. The action of 1^ = Cn on Fi = 
{2u) X C2« X C2"-i is trivial on (2m) x (72" and acts on C2"-i hy ^ C,"^. 

For t a generator of Cn, written additively, and A'" = X]"=o^i*, H*{Gn,Fi) is the 
cohomology of the complex 

~ l-t ~ N ^ 1-t 

I'l >■ Pi ^ P\ >- .... 



Using additive notation for Fi = Z x Z/2" x Z/2" - 1, we obtain 

(1 - t)(l,0,0) = (0,0,0), iV(l,0,0) = (n,0,0), 

(1 - t)(0, 1, 0) = (0, 0, 0), iV(0, 1, 0) = (0, n, 0), 

(1 -i)(0,0,l) = (0,0,-1), iV(0,0,l) = (0,0,2" - 1), 

and the desired result for H*{W,Fi) follows. 
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Now let L = Q2{Fo)= Q2(i^i) and K = . Then 

i^°(t^,Q2(i^o)^) =i^^ =Q2 

and H^{W,Q2{F'o)^) = by Hilbert's theorem 90. Furthermore as L/K is unramified, 
proposition B.13 imply 

as desired. □ 

Corollary 4.16. If a = 1 and W C Cn, then i*^ : H^{W,F\) H'^{W,Q2{Fo)'') is an 
epimorphism. It is an isomorphism if and only ifn is odd. If n is even, its kernel is {±1}. 

Proof. First assume that W = Cn with L = Q2(i^o) and K = . As L/K is unramified, 
proposition B.13 yields u G Ncn{L^). Hence i^^ is surjective by lemma 4.15. The case 
W C Cn follows from proposition 4.1, and the other assertions are clear. □ 

Example 4.17. When a = 1, the group Fq = C2 x C2"-i is generated by —uj for lo a 
(2" — l)-th root of unity in^S„. ^ere Q2(-Pb)/Q2 is a maximal unramified commutative 
extension in D„ and Fq = Fi = F2. Now for any u e Z2 there are elements and of 
valuation ^ in N^^x (Fq) such that 

C = 2«, e„ = -2n and e±«^Ci« = 
with F^ = {^y) X -^0 and F^ = {^-u) x Fq. In this gives extensions 

1 — > Fo — > F^ — > Cn — > 1, 

having classes in 

H\Cn, Fo) ^ H\Cn, C2) © H\Cn, C2«-l) = H^Cn, C2) 

One of the extensions is a semi-direct product, represented by 

— C'2(2"-l) X Cn, 

for ^„ the class of in Gn{u). When n is even, we have 

for the class of in The respective 2-Sylow subgroups of (— and 

(— a;,^_„) are C2 x C2fc-i and C2k which are clearly not isomorphic. 

The case a>2 

We let q; > 2. In this case Q2(z) C Q2(Fo)- 

Proposition 4.18^ //a > 2 and Wq is a subgroup of odd order in Cn„ C Aut{C2nc, -1) , 
then iy^ : H'^{Wq,Fi) — )• ii"^(Wo, Q2(-?^o)^) is an isomorphism. 



if n is odd, 
Z/2 if n is even. 
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Proof. We may use the same argument as proposition 4.5. Using that a > 2, we know 
that Z/Z{xi) is either trivial or a 2-torsion group, while Z2{F(yj^ / Fq is free over Z2. Hence 

H*{Wo,Z2{Fq)''/Fo) = H*{Wo,Z/Z{xi)) = H*{Wo,Q2{FoY /F^) =0 for * > 0, 

and the result follows. □ 

Lemma 4.19. // a > 2, n = ±3 mod 8, is odd and W = Cn„ C Aut{C2na-i), then 
Fi = Fq and 



H 



{{2u) X C2« if* = 0, 

C2o.*Cn^ ifO<*isodd, 
(2ti)/((2w)"") X C2" C„„ ifO<* is even; 



Q2(C2«)x if* = 0, 

H*{W, Q2(i^o)'') = <( ifO<*is odd, 

(C2« - 1)/((C2« - 1)"") ifO<* is even. 

Proof. We know from corollary 3.39 that Fi = Fq. The calculations for H*(W,Fi) and 
H*{W, Q2{Fo)) are identical to that of lemma 4.15, except that 2 is replaced with ((^2« — 1) 
in the second case. □ 

Lemma 4.20. If a > 2, u = ±1 mod 8 and W = Cn„ C Aut{C2"a-i), then Fi = (xi) xFq 
with v{xi) = 2 and 

{xi) X C2t» if * = 0, 

H*{W, Fi) ^ {C2C* Cn^ ifO<* is odd, 

{xi)/{xi°') X C2C (8) Cn„ ifO<* is even; 



H*{W,Q2iFo)'')= { 



Q2(C2«)^ if* = 0, 

ifO<*is odd, 

(C2« - 1)/((C2« - 1)"") ifO<* is even. 



Proof. Wc know from corollary 3.39 that Fi = (xi) x Fq with v{xi) = ^. The action of 
Cn^ on Fi = {xi) X C2" X C2«a_i is trivial on the first two factors and acts on the third 
byC^C- 

Let t be generator of C„^, written additively, and N = J2^=o^t^- Using additive 
notation for = Z x Z/2'* x Z/2"« - 1, we obtain 

(1 - t)(l, 0, 0) = (0, 0, 0), (1 - t)(0, 1, 0) = (0, 0, 0), (1 - t)(0, 0, 1) = (0, 0, -1), 
iV(l,0,0) = (na,0,0), iV(0,l,0) = (0,n«,0), iV(0, 0, 1) = (0, 0, 0), 

and the desired result for H*(W,Fi) follows. 

Now for L = Q2{Fo) and K = = Q2(C2«), we have 

H'>iW,q2(F\)) = Q2(ifer(l = Q2(C2«)^ 
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and H^{W,Q2{F())^) = by Hilbert's theorem 90. Furthermore, as L/K is unramified, 
(^2" — 1 is a uniformizing element of L and proposition B.13 implies 



H\W,Q2{For) = (C2" - 1)/((C2<^ - 1)"-) 



as desired. 



□ 



Lemma 4.21. If a > 3, jt, = ^3 mod 8, is odd and W = C20C-2 C Aut{C2a) is 
generated hy C, ^ C,^ , then F\ = and 



H*{W,Fi) ^ < 



(2n) X C4 X C2"a_i «/ * = 0, 

ifO<*is odd, 

(2n)/((2tx)2""') ^ C2C-2 ifO<* is even; 



H*{W,q2iFo)'') 



h{Fo, 



\C'^a-2\X 



^/ * = 0, 

if < * is odd, 
'2(Fo)^2"-2)x/jv^(Q2(Fo)^) ^ C2C-2 ifO < * «s even. 



Proof. We know from corollary 3.39 that Fi = Fq. The action of C2a-2 on Fi = {2u) X 
C2a X C2"a-i is trivial on {2u) x C2"a-i and acts on C2« by t— > 

For t a generator of C2a-2, written additively, and N = YI'^^q t*, we obtain 



(l-t)(LO,0) = (0,0,0), 
(l-t)(0,l,0) = (0,-4,0), 
(l-i)(0,0,l) = (0,0,0), 



iV(l,0,0) = (2«-2,0,0), 
iV(0,l,0) = (0,2"-2,0), 
iV(0,0,l) = (0,0,2"-2), 



and the desired result for H*{W, Fi) follows. 

The case of H*{W,Q2{Fo)^) for < * odd follows from Hilbert's theorem 90, and the 
rest is clear. □ 

Lemma 4.22. Let a > 3, and assume either u = ±1 mod 8 or u = ±3 mod 8 with 
even. If W = C2a-2 C Aut{C2'^) is generated by ( then Fi = (xi) x Fq with 

v{xi) 



^ and 



H*{W,Fi) ^ < 



H*{W,Q2iFo)'')= { 



(Xl) X C4 X C2na_l if* = 0, 

ifO<*is odd, 

{xi) / {xi" ^) = C2a-2 if < * is even; 

(Q2(Fo)^2.-2)x if* = 0, 

ifO<*is odd, 

(Q2(i^o)^2«-2)x/iVw.(Q2(Fo)^) = C2a-2 ifO < * is even. 



Proof. We know from corollary 3.39 that Fi = (xi) x Fq with v{xi) = |. The calculations 
are identical to that of lemma 4.21, except that 2u is replaced by xi for the calculation of 
H*{W,Fi). □ 

Corollary 4^23. If a > 3 and W = €2^-2 C Aut{C2'') is generated by C, ^ C,^ , then 
: H'^{W,Fi) H'^{W,Q2iFo)^) is never surjective. 
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Proof. Let L := Q2(Fo) and K := . Since L/K is totally ramified, we know from 
proposition B.13 that H^{W,L'') ^ H^{W,0^). As Nq/w ° Nw{0^) = Ng{0^), we 
may consider the homomorphism 

T:H\W,L'<)^Z^/NGiOi) 

given by the norm 

Ng/w ■■ H\W,Ol) = {Ol)/Nw{Ol) Z^/Ng{0^). 
In order to analyse this homomorphism, we consider the short exact sequences 

1 ^Z^/NG{Oi) ^q^/NG{L>')^Z/v{NG{L^)) 1 

^ (_,i/Q2) ^ 
Y Y Y 

1 ^ Gal{L/L'^2<'-^^C^) ^ Ga/(L/Q2) ^ > Gal{l/¥2) ^ 1 

where 

Gal{L/L'^^'-^''^^) ^ C2C-2 X C2, GaZ(L^2«-2><^VQ2) ^ GaZ(Z/F2) ^ C„„ 

for / the residue field of L, where the middle vertical isomorphism is the norm residue 
symbol of L/Q2 as defined in [20] section 2.2, the left hand vertical map is its restriction, 
and where the right hand vertical isomorphism is given by the power map of the Probenius 
automorphism a G Gal{l/¥2). We know from local class field theory (see for example [13] 
chapter 2 §1.3) that 

pr{x, L/Q2) = (x, L^2a-2xC2/Q2) for all x e Q^/NsiL''). 

On the other hand [20] proposition 2 shows that 

(x,L^2«-2^^VQ2) = (t''(^) for all x G Q^/NGiL''). 

Thus the right hand square in the above diagram, and hence the diagram itself, is com- 
mutative. The five lemma then implies 

/Ng{01 ) ^ C2a-2 X C2 and Ng{01 ) = U^{l4 ) . 

The image of r however is ^^2(^2 )/^a;(^2 )• ^o see this, consider the tower of extensions 

q2 — Q2{i) — K^L. 

Since K/Q2{i) is unramified, we know from proposition B.15 that 

^C„„ :O^^Z2(i)^ 

is surjectivc. Hence for any 01,02 G Z2, there exists an element x = 1 + a(l + i) in 
with a G Z2 such that 

Nc„(x) = l + iai + a2i)il + i) G Z2(^)^ 
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Therefore 

Ngiw{x) = Nc.,{l + {ai+a2i){l + i)) 

= [1 + (ai + a2i)(l + i)] [1 + (ai - a2i)(l - i)] 

= 1 + 2(0^ + 02 + 01-02) 

= 1 + 2(0? + ai) + 2(oi - 02) 

= lmod4, (4.1) 

and the map r : H'^iW, O^) 112(1^2) I ^^['^2) is an isomorphism. 

By to lemma 4.21 and 4.22, the map is therefore surjective if and only if t(xi) is 
a generator of ^72(^2 )/^a(^2 )• Recall that 



2u if n = ±3 mod 8 and Ua is odd, 

^{1 + i)t otherwise, 



with 



u if = 1 or — 3 mod 8, 
—u if = —1 or 3 mod 8. 



Since both 2 and 1+i belong to -/VQ2(^2a)/Q2(i)('Q2(C2«)) according to example B.14, it 
follows by remark B.16 that 2 and 1 + i both belong to Ni^/k{L^). Thus if it = ±3 mod 8 
with Ha odd, we have 

r(2u) = r(n) = u^'*" = 1 mod 8. 



On the other hand if n = ±1 mod 8, then 
r(xi) = r(i) = t^"" = I 
= 1 mod 8. 



n"" if u = 1 mod 8, 
(-li)"" if (-«) = 1 mod 8, 



Finally if u = ±3 mod 8 with Ua even, there is a subgroup of index 2 in G/W which acts 
trivially on t, and we have 

r(xi) = r(t) = (t(-t))"" = (-l)"«t2n„ ^ (^3^n. ^ ^ 8_ 

In any case, the map is never surjective. □ 



Lemma 4.24. Let a > 2, u = ±3 mod 8, Ua be odd, and let C2 ^ Aut{C20') be generated 

_i — Wo — Wo 

by C C ■ V ^0 is 0' subgroup of odd order in G, then Fi = Fq and 



* C2) X C Jia^ if * = 0, 
-Wo I 2ll^ol-l 

H*{C2, ^1 ) = <j C2- ® C2 ifO<* is odd, 

{2u)/{{2uf) X (C2C. * C2) ifO <* is even; 

'iQ2iFof'r if* = 0, 

ifO<*is odd, 

iQ2iFof^)'' /NwiQ2iFo)'') ^ C2 ifO < * is even. 



H*{C2,{Q2{Fo)'^T)=< 



4.2. Extensions of maximal abelian finite subgroups of S„ for p = 2 
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~ — ~ Wo 

Proof. We know from corollary 3.39 that Fi = Fq. The action of C2 on Fi = (2m) x 

X C jia_ is trivial on the first and last factors and acts on the second by C 1-^ C~^- 

2 l^ol -1 

Let t the generator of C2, written additively, and N = 1 + t. Using additive notation 
for Fi ^ Z X Z/2°' X Z/(2l^ol - 1), we obtain 

(1 -t)(l,0,0) = (0,0,0), A^(1,0,0) = (2,0,0), 

(1 - t){0, 1, 0) = (0, 2, 0), N{0, 1,0) = (0, 0, 0), 

(1 - t){0, 0, 1) = (0, 0, 0), N{0, 0, 1) = (0, 0, 2), 

— Wo 

and the desired result for H*{C2,Fi ) follows. 

The case of H*{C2, (Q2(i^o)^°)'') for < * odd follows from Hilbert's theorem 90, and 

the rest is clear. □ 

Lemma 4.25. Let a = 2 and either u = ±1 mod 8 or n = ±3 mod 8 with even. If 

C2 C Aut{C2'^) is generated by ( ^ (~^, and ifWo is a subgroup of odd order in G, then 
-Wo 



Fi ° = (xi) X F^° with v{xi) = \ and 



H*{C2,Fi'^°) 



H*{C2,{Q2iFo, 



(2u) X (C2c« * C2) X C jisx if * = 0, 

ifO<* odd, 

C2C * C2 ifO<* even; 

{Q2{FofT if* = 0, 

ifO<* odd, 

{Q2{Fof'V/Nw{Q2{For) =C2 ifO<* even. 



Proof Wc know that Fi^° = (xi) x F^° with v{xi) = ^. The action of C2 on = 
(xi) X (72" X C "Q is trivial on the last factor, acts on C2a by ^2" ^ second, 

2 \^o\ -1 

and sends xi to —ixi. 

Note that the last factor splits off and has trivial cohomology. Hence for t a generator 

— Wo 

of C2, written additively, and N = 1 + t, the cohomology H*{C2, Fi ) can be calculated 
from the additive complex 



Z X Z/4^-tz X Z/4^^Z X Z/4^-t- 



where 
Therefore 

Hence 



t(l,0) = (l,l) and t(0,l) = (0,-1). 

(l-t)(l,0) = (0,-1), (l-t)(0,l) = (0,2), 

iV(l,0) = (2,l), Ar(0,l) = (0,0). 

Ker{l -t) = ((2, 1), (0, 2)), /m(l - t) = ((0, 1)), 

Ker{N) = {{0,1)), I m{N) = {{2,1)), 

~ Wo 

and the desired result for H*{C2,Fi ) follows. 

The case of H*{C2, (Qp(Fo)^")'') for < * odd follows from Hilbert's theorem 90, and 

the rest is clear. □ 
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We have seen in corollary 4.23 that iQ is not surjective whenever a > 3. Thus the case 
a = 2 is all that we want to consider in the following corollary. 

Corollary 4.26. Let a = 2, C2 = Aut{C2a) and let Wq be a subgroup of odd order in 

G. Then H'^{C2,Fi^°) i?2(C2, (Q2(i^o)^°)'') is surjective if and only if a = k. In 
this case, its kernel is isomorphic to C2 if u = ±3 mod 8 and it is an isomorphism if 
u = ±1 mod 8. 

Proof. Let L := Q2(Fo)^°, K := L^^ and H := G/Wq = Gal{L/qp). Note that L/K is 
totally ramified. Similarly to corollary 4.23, we may consider the homomorphism 

T:H\C2,L>')^Z^/NHiOl) 

given by the norm 

Nh/c, ■■ H\C2,L^) = H\C2.0l) ^ {Ol)/Nc,{Ol) 'L^/Nh{01). 

Here again, as in corollary 4.23, we have short exact sequences forming a commutative 
diagram 



}^/Nh{LX)^Z/v{Nh{LX)) ^ 1 



{-,L/Q2) 



Gal{L/K) 



Ga/(L/Q2) 



pr 



t(-) 



Gal{l/¥2) 



where 



Gal{L/K) ^ C2 and Gal{l/F2) ^ C 



for / the residue field of L. Since L<^"«/W"o = (^2(^0)'^"" 
unramified, we know from proposition B.15 that 



l2{i), and since L/Q2{i) is 



is surjective; consequently 

NniOl) = Nc, o Nn/ciO^) = NcMi)' 
Furthermore, as in (4.1), for any elements 01,02 G Z2 we have 

iVc2(l + (ai + 020(1 + 0) = 1 mod 4. 
Hence Nh{01) = U2{1^2) and the map 

r : H\C2,L^) 1.^ m'L^) = {±1} 



is surjective by proposition B.15. 

Using lemma 4.24 and 4.25, the map i* ■ H'^iC2,Fi °) ii"2(C2,LX) is therefore 
surjective if and only if 



-1 



t{2u) or t(— 1) if u = ±3 mod 8 and odd, 
r(— 1) otherwise. 



4.2. Extensions of maximal abelian finite subgroups of S„ for p = 2 
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Since Nc2{'i- + i) = (1 + i)(l — i) = 2, remark B.16 implies 

t{2u) = t{u) = uWC2\ and t(-1) = (-l)l^/^2|_ 
Hence r(— 1) = — 1 if and only if 

\H/C2\ = \Cnc/Wo\ is odd <^ is odd -i^ a = k, 

and the result follows. □ 

Theorem 4.27. Let p = 2, n = 2^~^m with m odd, u £ Z2 , Fq = (72« x C2na-i be a 
maximal abelian finite subgroup 0/ G = Ga/(Q2(-^o)/Q2)) G2' be the odd part of G, 
and let Fi = {xi) x Fq C. Q2(-Pb)^ be maximal as a subgroup of Q2{Fo)^ having Fq as 
subgroup of finite index. 

1) For any 1 < a < k, there is an extension of Fi by G2'; this extension is unique up 
to conjugation. 

2) If a = 1, there is an extension of Fi by G; the number of such extensions up to 
conjugation is 

{1 if n is odd, 
2 if n is even. 

3) If a = 2, there is an extension of F\ by G if and only if k = 2; the number of such 
extensions up to conjugation is 

1 i/tx = ±1 mod 8, 

2 «/u^±lmod8. 

4) If ct^-^, there is no extension of Fi by G. 

Proof. 1) Prom corollary 4.16 and proposition 4.18 we know that 

i*G^, : H\G2',F\) H\G2',Q2iFor) 

is an isomorphism. Existence and uniqueness up to conjugation then follows from corollary 
2.29. 

2) This follows from corollary 4.16 and 2.29. 

3) Let a = 2. Applying proposition 4.1 and corollary 2.29 together with corollary 4.26 
in the case where Wq is trivial, we obtain that Fi can never be extended by G when is 
even. Assume then that Ua is odd. In this case G decomposes canonically as 

G = G2' X C2 with G2' = Cn„- 

In particular, there is a short exact sequence 

1 ^ C„„ ^ G ^ C72 ^ 1 

which gives rise to the Hochschild-Serre spectral sequences (see [4] section VII. 6) 

E'/^H'{C2,H\Cn^,F{)) =^ H'+\G,F\), 

E'/^W{C2,H\Cn^,<^2{FoY)) =^ H'+\G,Q2iFo)''). 
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Prom lemma 4.19, 4.20 and proposition 4.18, each map E2 is an isomorphism for 

t > 0. We also have 

and 

Then corollary 4.26 applied to the case Wq = Cn^ shows that the map 

is surjective when t = and s > 0; its kernel is trivial if « = ±1 mod 8, otherwise it is of 
cardinality 2. In fact, since Ua is odd, all the terms £^2'* which s > and t > are 
trivial. By the results of lemma 4.19 and 4.20, the non-trivial terms for which s = are of 
odd order, and the non-trivial terms for which t = are powers of 2. Hence all differentials 
of the spectral sequences are trivial and E2'* = E^. Consequently, Iq is surjective if and 
only if Ha is odd, that is, if and only if a = A;. The result then follows from corollary 2.29. 
4) By corollary 4.23 and proposition 4.1 the map 

i*G : H\G,F\) H'^iGMFor) 

is never surjective if a > 3. The result is then a consequence of corollary 2.29. □ 

4.3. Extensions of maximal finite subgroups of S„ containing Qs 

In this section, we establish under what condition a maximal finite subgroup G of 
S„ with a quaternionic 2-Sylow subgroup extends to a subgroup of order n\G\ in Gn{u)- 
Recall from theorem 1.35 that such a G exists if and only if p = 2 and n = 2m with m 
odd, in which case 

G = Qs X C'3(2'"-l) — ^24 X C2m-i. 

Theorem 4.28. Let p = 2, n = 2m with m odd, and u £ TL^ . A subgroup G isom,orphic to 
T2A X C2"i_i in E>n extends to a maximal finite subgroup F of order n\G\ = 48m(2™ — 1) in 
<Gn('w) if and only ifu = ±1 mod 8; this extension is unique up to conjugation. Moreover if 
u ^ ±1 mod 8 and G' is a subgroup isomorphic to Qs x C2m_i in S„, there is no extension 
of G' of order n\G'\ in G„('u). 

Proof. Let (^3, (^2'"-i be elements of respective order 4, 4, 3 and 2"* — 1 generating G, 
and let T := (i, j, Cs) — ^24- We first establish the structure of the centralizer of G. By 
the centralizer theorem A. 6, there is a Q2-algebra isomorphism 

where Co^{T) is a central division algebra of dimension over Q2. Note that the 
commutative extension Q2(C2'"-i)/Q2 is maximal unramified in Cn^{T). Consequently 

Cex(G) ^Q2(C2"•-l)^ Cs„(G) ^Z2(C2"^-l)^ 

and as Q2(C2'"-i)/Q2 is unramified we have Cs„(G) = Cg^(„)(G). 



4.3. Extensions of maximal finite subgroups of S„ containing Qg 
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We now show the existence of the desired extension of order n\G\ assuming u = ±1 mod 
8, that is u = ±1 mod )^. Let t G Z2 be such that 



u if n = 1 mod 8, 
—u \i u = —1 mod 8. 



The valuation map gives rise to a short exact sequence 

1 iVsJG) NG„iu){G) ^ ^Z/Z = Z/n 1. 

Let € Cpx (T) be an clement satisfying = 2u and acting on (2"^-! by raising it to 
its square. Consider the element (1 + i)tj^u € . It becomes a generator in Z/n as 

1 1 m + 2 

2 m n 

where m + 2 is prime to n. Furthermore as t, ^„ commute with we have 

f-(2u)"»+2 ifn=lmod8, 
\(2u)"*+2 ifn = -lmod8, 

and it is easy to check that (1 + i)tj^u £ -^d^ (^)- This shows the existence of F in the 
case M = ±1 mod 8. 

We proceed to the non-existence part of the result for u ^ 1 mod 8. First note that 
there is a short exact sequence 

1 C„x (G) N^. (G) Aut{T24) X GaZ(Q2(C2'"-i)/Q2) 1, 

where |^nf(r24)| = 24 and Gai(Q2(C2™-i)/Q2) is cyclic of order m. Indeed, if x G 
A'px(G), then the conjugation action by x preserves both G and its 2-Sylow subgroup 
Q. Consequently Q2(Q)^ = 'Q2{T)^ and Cj^x{G) are preserved as well. As for the 
surjectivity of p, we know from the Skolem-Noether theorem that the restriction of p to 
Q2{T)^ C iVjjx (G) is surjective on Aut{T24), while by definition the element ^„ G A^jjx (G) 
maps to a generator of GaZ(Q2(C2'"-i)/Q2)- Now since 

C„x (G) = Q2(C2--i)^ and v{N„. (G)) = ^Z 

as shown in proposition 1.20, we know that 

iV„x(G) = (G„x(G),G,(l + 0,e«) = (Z2[C2--l]^^,(l + ^),U• 
In the case u ^ ±1 mod 8, we claim that there is no x G Nj^x (G) such that 

vix) = ^ and x"g(G,2u). 
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Indeed, if such an x existed, there would be a y G T and a z E Z2[C2™-i]^ such that 
x"^ = (1 + i)yz, in which case 

x^"^ = {l + i)y{l + i)yz^ 

= {l+if{l + i)-^y{l + i)yz^ 

= '^icr{y)yz^ 

would belong to 2z^T, for a the automorphism of T induced by the conjugation by 
In this case 2z^ G (G, 2u) fl Q2(C2"»-i)^ ; and there would be a 5 G G with 

2z^ = g{2u) <^ z^ = gu. 

Since both z^ and u are in Z2(C2'"-i)^, so does and 2;^ = itu. As shown in corollary 
3.38, this is impossible since m is odd and u ^ ±1 mod It follows that G cannot be 

extended as a subgroup of order n\G\ in Gniu) when u ^ ±1 mod 8. In fact, the argument 
also shows the corresponding result for G': since Q2(<38) = Q2(224), we have 

Q2(G') = Q2(G) and A^^x (G') = A^^x (G), 

and there is no x of valuation i in Ajjx (G') such that G (G', 2u) C (G, 2it). 

It remains to verify the statement on uniqueness when u = ±1 mod 8. For a finite 
group F of order n\G\ extending G, we have F G A^x (G). Let 

A:= FnKer{p) = {2u,-l,C2rn-i) and B := F/A 

Applying theorem 2.14 to the case F G Q p{Nj^x (G) , A, B) , it is enough to check that the 
cohomology group H^{B,Ker{p)/A) is trivial. As 

\B\ < 00, Ker{p)/A = Q2(C2--i) = ^2, 
and because the -B-module structure is trivial, we obtain 

H^{B,Ker{p)/A) ^ Hom{B,Z^) = 0. □ 



4.4. Example of the case n — 2 

In this section, we illustrate the situation for n = 2 and we find the finite subgroups of 
G2{u) up to conjugation for p G {2, 3}, that is for those primes p for which p — 1 divides 
n. 

For a given p, we let a; G §2 be a primitive — l)-th root of unity and a be the 
Frobenius automorphism of Qp{oj)/Qp. For each n G , we let € B2 be an element 
associated to a such that = pu. As in example 4.4 and 4.17 the multiplicative subgroups 
in the division algebra 

B2 = Qpi0j){^u)/iC = VU, ^uX = X^^u), X G Qpioj), 

which correspond to finite subgroups of G2{u) are easily expressible in terms of ^„ and u. 
This allows to determine the conjugacy classes of those finite subgroups explicitly. 



4.4. Example of the case n = 2 
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The case p = 3 

Let p = 3. Here k = 1, m = 1 and a € {0, 1}. 

1) If a = 0, then Fq = {co) = Cg and Fq = Fq x {3u). As shown in example 4.4 

Fo = F\ = F2, F3 = {Fo,^u) with e' = 3n, 
and for the class of ^„ in ©^(tt) the group 

is a semidihedral group of order 16. 

2) If a = 1, then Fq = (Cs) x (w^) = Cq where co^ = —1. The primitive third root of 
unity (3 G §2 may be given by 

^3 = _!(! + ^5) for S = ^i. 

In this case 

C3"' = Cl = -^(l-'^5) and C|-C3 = u;5. 

According to theorem 4.13 there is no restriction on u, and xi can be chosen as xi = 
(Cl - C3)* with teZ^ such that 



u if n = 1 mod 3, 
—u if n = — 1 mod 3. 



Indeed, 

xj = {ujSff = u^SH^ = -3t^, 
so that v{xi) = 5, and we have 

^iCs^r' = -^(1 + {ioS)\u:S)-') = Cs, 
xioj'^xi^ = uSuj'^S-^u-^ = (a;2)3. 
Hence Fi = F2 = {xi) x (("3) x (cj"'), where 

2 I —3u if li = 1 mod 3, _2 |— 1 if u = 1 mod 3, 

Xi = < and a^i = ^ 

[3'u ifu=— lmod3, [1 if ^ = —1 mod 3, 

for xi the class of xi in G2(m). Furthermore G A'jjx (Fi) given that u'^(sOJ~'^ = Cf, and 

a;\ia;-2 = a;2^3(l - Ca)^;-^ = C|(l - C|) = (Ca + C|)(C3 - Cl) = -a^i- 

Thus F3 = (Fi, w^) and F3 = (xi, (^3, a;^) is a maximal finite subgroup of order 24 in G2{u)- 
We let 

£)8 ^ (a, 6 I = 6^ = 1, 606"^ = a^^) 
denote the dihedral group of order 8. 
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Theorem 4.29. Let n = 2, p = 3 and n G . The conjugacy classes of maximal finite 
subgroups F ofG2{u) are represented by 



SDio and 



C3 XI Qg if u = 1 mod 3, 
C3 X! I?8 if u= —1 mod 3. 



Proof We first consider the cases where Fq is such that [Q3(-Fo) • Qs] = 2; by theorem 
2.30 we may assume that Fq is maximaL The first class originates from the case a = 0; 
its existence and uniqueness follow from example 4.4 and theorem 4.13. 

Suppose then that a = 1. If u = 1 mod 3, the 2-Sylow subgroup {uj^,xi) of F3 is 
isomorphic to Qs- As the latter does not contain a subgroup isomorphic to C2 x C2, the 
short exact sequence 

1 ^ F2 = {C3,Xi) ^ F3 ^ C2 ^ 1 

does not split. However, (Cs) being normal in F3, we obtain F3 = C3 xi Qg. On the other 
hand if u = — 1 mod 3, the group F3 contains a subgroup isomorphic to C2 x C2. In this 
case we have a split extension 

1^F2 = (C3, -l,3ri) ^ F3 ^ C2 ^ 1 

with a 2-Sylow subgroup isomorphic to Dg = {oj'^,xi \ {oj'^)^ = xf = l,xiu'^Xi^ = 
and F3 = C3 X Dg. Uniqueness of the class of F3 in G2{u) follows from theorem 4.13. 

It remains to consider the case where Fq = {±1} = C2, that is, Fq is maximal such 
that Q3(Fo) = Q3. Then obviously Fq = Fi. Because Q^/{Q^)'^ = Z/2Z x {±1} is 
represented by the elements of the set {±1,±3}, we know that there are three possible 
quadratic extensions of Q3 given by 

Lv ■= Q3/{X^ - v) for V e {-1, ±3}; 

each of them is unique up to conjugation. Among these L_i = Q3(C8) and L_3 = Q3(C3) 
have already been considered. 

Hence suppose v = 3 and let X2 ■= Xt with t & such that 



t' 



u a u= 1 mod 3, 
—u if u = — 1 mod 3. 



Then 

2 Q 2 J 3u = 1 mod {3u) if u = 1 mod 3, 
x^ — ot = \ 

\^—3u = —1 mod (3n) if u = — 1 mod 3, 

and we have an extension 

1^F\ = {2u, ±1)^F2 = {X2, ±1) ^ C2 ^ 1, 

where 

F2 



C2 X C2 if ti = 1 mod 3, 
C4 if u = —1 mod 3. 



By corollary 2.23, this group is unique up to conjugation. Because the group Aut{FQ) is 
trivial, proposition 2.25 implies ^3 = ^2- This class however is neither new nor maximal. 



4.4. Example of the case n = 2 
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Indeed, for the group {u, C ©2 whose corresponding group {u, in G„(w) represents 
the class SDiq found above, one can take 



X2 



^„ if ti = 1 mod 3, 
io^u if « = — 1 mod 3, 



in order to see that F2 C SD 



16- 



□ 



The case p = 2 

Let p = 2. Here k = 2, m = 1 and a € {1,2}. 

1) If a = 1, then Fq = {—u) = Ce and Fq = Fq x {2u). As shown in example 4.17 



Fq = Fi = F2, 



7± 



and we have 



{Fo.i±u) withe±„ = ±2n, 



F+ = {-LJ,^^) = C(iXC2, K 

for the class of ^±u in Gn{u). 

2) If a = 2, then Fq = C4 C T24 with C4 = (z) and T24 = x (Cs)- According to 
theorem 4.27 and 4.28, a finite maximal extension of Fq in G2{u) is an extension of T24 if 
and only if u = ±1 mod 8. Let 



xi 



(1 + i)t with = u if u = 1 mod 8, 
(1 + i)t with = —u if u = —1 mod 8, 
2u iiu = ±3 mod 8. 



Then we know that Fi = F2 = (xi) x Fq. In case u = ±1 mod 8, we have F3 = F2 and we 
find xf = 2zf^, xf = — 4n^ and = (2u)^, so that the group F3 is cyclic of order 8; it is 
unique up to conjugation by corollary 2.18. 



We let 

O48 = (a, 6, c I = 6^ 
denote the binary octahedral group of order 48. 



ahc) 



Theorem 4.30. Let n = 2, p = 2 and u G . The conjugacy classes of maximal finite 
subgroups F ofG2{u) are represented by 



Ce XI C2, O4S if u=l mod 8, 

C3 XI C4, r24 X C2 if u = —I mod 8, 

Cz X C4, Ce X C2, -Dg and T24 ifu = 3 mod 8, 

C3 X C4, Ce X C2, Qs a^ic^ ^24 ifu = —3 mod 8. 



Proof. We first consider the cases where Fq is such that [Q2(Fo) : Q2] = 2; by theorem 
2.30 we may assume that Fq is maximal. The classes Cq x C2 and C3 x C4 originate from 
the case a = 1. They are respectively represented by 



and 
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Their existence and uniqueness follow from example 4.17 and theorem 4.27. We will now 
analyse the case where Fq = (i) = C4. 
Suppose that u = ±1 mod 8. Then 

9 , ,09 9 \i mod (2u) if -u = 1 mod 8, a , , , 

xl = {l + ift^ = 2it^ = { ^ ' ' x\ = -l mod {2u), 

\—i mod (2u) if = — 1 mod 8, 



and 



xiix-y = t, xijx^ = (1 + ijj — 7, — = 7, 3 = 1] = k. 



Therefore, we have a chain of subgroups 

FQ = {i,2u)^Fi = F2 = {i,xi) gF3 = {i,j,xi), 

where Fi is normal in Fj+i for 1 < i < 3, and where |Fi/Fo| = IF3/-F2I = 2. Because 
xf = ±i mod {2u) and xf = —1 mod (2u), we know that for xi the class of xi in Gn{u) 
we have Fi = Cg and there is an extension 

1 ^ Fi = (xi) ^ F3 = {xi,j) ^ C2 ^ 1, 

where jxi G -F3 maps non-trivially to the quotient group. As 

(jxi)2 = j{xijx^')xj = j{ij){2if) = -2f 

{—1 mod (2u) if u = 1 mod 8, 
1 mod {2u) if u = — 1 mod 8, 



and since 



{3Xi)xi{jxi) ^ = jxij ^ = -{jxifx^ ^ = 2t^xi ^ 

{x'^^ mod (2«) if M = 1 mod 8, 
—x^^ mod {2u) if u = — 1 mod 8, 



we find 



Q16 if i( = 1 mod 8, 

Cg >4 C2 = S'l^ie if u = -1 mod 8. 



Clearly, F3 is a 2-Sylow subgroup of F := (^3,0;) and T24 = {i,j,oj) C F. As seen above, 
xi and jxi both belong to A^px ((i, j)) = Nj^x{{i, j,Lo)), and there is an extension 

1 ^ ^24 = (^i,a;) ^ F ^ C2 ^ 1, 

where xi,jxi G F are mapped non-trivially to the quotient group. 

Assume for the moment that u = 1 mod 8. We let a := xi, so that = i, and we 
consider the element of order 6 

6:= ^{1 + 1 + j + k) Gr24CF. 

Then we can take lo = —b and we easily check that 

b-' = -u;^ = ^{l-i-j-k), b-'aH = j. 



4.4. Example of the case n = 2 
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In particular F = {a, b) is generated by the elements a and b of respective order 8 and 6. 
These two elements interact via ba = —a~^b~^ since 

(bxif = ^{2i + 2jfu ={i + jfu = -2u = -1 mod {2u). 

Letting c := 6o, it follows that 

F={a,b\ {baf = 6^ = 0^ = -1) = (a, b,c \ = b^ = a"^ = cba) 

is isomorphic to the binary octahedral group O48. Uniqueness of F up to conjugation is 
given by theorem 4.28; its class is clearly maximal. In fact since 

{jxi)ui{jxiy^ = -^jxi{l + i + j + k)x{^r^ 

wc may take = jxi in order to find that F contains F^ = {b,jxi). On the other 
hand, F docs not have a subgroup isomorphic to F^ since its 2-Sylow subgroup -F3 = Qiq 
has no subgroup isomorphic to C2 x C2. The class of F^ is therefore maximal when 
[Q2{Fo) : Q2] = 2 and u = 1 mod 8. 

Now assume u = —l mod 8. Then (jxi)^ = 1 mod (2u), in which case 

F= ^T24 X C2. 

The above calculations show that we may take = jxi in order to find that F^ = {b,jxi) 
is a subgroup of F. On the other hand one easily verifies that the group {xi, i,j) does not 
have an element of valuation ^ which has order 4 modulo {2u) . This means that the class 
of F does not contain that of F^ . The latter is therefore maximal when [Q2(-^o) '■ Q2] = 2 
and u=—l mod 8. 

We now suppose u = ±3 mod 8. By theorem 1.35, a maximal finite subgroup F of 
G2{u) containing Fq = (z) ^ C4 satisfies C4 C F fl §2 C T24. If F C S2, then F ^ T24 
contains the subgroup F nSn — Qs a-s in lemma 2.24.b. Otherwise if F ^ §2, the 2-Sylow 
subgroup of F n §2 must be C4 by theorem 4.28, and we have a chain of subgroups 

Fq = Fi = F2 C. F2 = F, 

where F^/Fq is a cyclic group of order at most 2. We are thus looking for an element 
X3 G ^2 such that x'^ e Fq = Fq x {2u). By the Skolem-Noether theorem, there is a short 
exact sequence 

1 C^^{Fo) = Q2(i)^ A^Dx(Fo) = (Q2(^)^J) C2 1, 

where j is mapped non-trivially to the quotient group. Hence 0:3 is of the form X3 = j^z 
for £ e {±1} and z G Q2(i)^. We have 



4 = fzfz = -ifzj-')z = -N{z) 
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for N : Q2{i)^ Q2 norm of the extension Q2{i)/Q2- In the proof of corollary 4.26 
we have shown that N{Q2{i)^) = (2) x [72(^2(0^ )• Since 

N{2 + i) = {2 + i){2-i) = 5 = -3 mod 8, 

we have —6 G N{Q2{i)^). We may therefore choose z such that 



™2 

^3 



2u if n = 3 mod 8, 
—2u if u = —3 mod 



In this case F3 = {i,xs), and for X3 the class of X3 in G2{u) we get 

{i,X3 I = 1, X3ix3 ^ = X3 = 1) = Dg if n = 3 mod 8, 
{i,X3 \ = 1, x^ix^^ = X3 = —1) = Qs if ii = — 3 mod 8, 



F3 



as a maximal finite subgroup of G2(''^')- Since v(x'^) = ^, the conjugacy classes of F3 
and T2i H S2 = Qs must be distinct (although they are isomorphic if u = —3 mod 8). 
By theorem 4.27, -F3 and T24 represent the only two maximal classes containing (i) when 
u = ±3 mod 8. The maximality of and F.^ in this case is obvious. 

It remains to consider the cases where Fq = {±1} = C2, that is, Fq is maximal such 
that Q2(i^o) = Q2- Then obviously Fq = Fi = (2u, ±1) ^ Z x C2. Because /(Q2 )^ = 
Z/2Z X Z2 /C/3(Z2 ) is represented by the elements of the set {±1, ±2, ±3, ±6}, we know 
that there are seven possible quadratic extensions of Q2 given by 

Lv ■■= Q2/{X^ - v) for V e {-1, ±2, ±3, ±6}; 

each of them is unique up to conjugation. Among these L_i = Q2(C4) ^ind L_3 = Q2(C3) 
have already been considered. Furthermore if w = 3, and if a, 6 G Q2) the element 

(a + bXf = a'^ + 36^ + 2abX 

cannot belong to Fi = {2u, ±1) and the later can never be extended non- trivially to some 
F2. 

Let us then consider the cases where v G {±2, ±6}. If u = ±| mod 8, we let X2 ■= Xt 
with t G Z2 such that 

2 _ J IT = 2 



t 

Then 



■ 2" ifu=^ mod 8, 



iftx = -^mod8. 

V 2 



2 2 ( 2n = 1 mod (2u) if n = 1^ mod 8, 

Xr, = Vt = < 

[-2u = -1 mod {2u) if u = -| mod 8, 



and for X2 the class of X2 in G2{u) we have 

F2 = {X2,±1)' 



C2 X C2 if u = I mod 8, 
C4 if u = — I mod 8. 



These classes however are not new: in the case [Q2(-^o) ■ Q2] = 2 and a = 1 treated above, 
considering the situation where 



X2 



4u if u = 1 or — 3 mod 8. 
^-u if = — 1 or 3 mod 8, 
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we see that C2 x C2 C and C4 C F3 . We also know from corollary 2.23 that the 
group F2 is unique up to conjugation. On the other hand if ^ ib| mod 8, that is ii v ^ 

ib2it mod 8, there is no x G such that G {2u) mod {±1} and we have F2 = Fi = Fq. 

Finally, because Aut{Fo) is trivial independently of the value of u, it follows from 
proposition 2.25 that ^3 = ^2. □ 

Remark 4.31. For a = 2, we have shown 

QiQ if u = 1 mod 8, 

^ SD16 if u = — 1 mod 8, 

Ds if u = 3 mod 8, 

Qs if u = —3 mod 8. 

When u = ±3, the second conjugacy class obtained in theorem 4.27.3 is not maximal as 
a finite subgroup of G2{u)- It is contained in T24 and is represented by T24 D S2 = Qs- It 

comes from the existence of an element j of valuation zero in which induces the action 
of Gal{Q2{i)/Q2) on Fq = (i) given by i -i. 
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Appendix A: 

Simple algebras 



We provide here the essential background and some classic results on finite dimensional 
simple algebras. An overview of the subject can be found in [16]. 

Definition. Let A be an associative ring with unit. 

• A is called simple if the only two sided ideals of A are A itself and the zero ideal. 

• A is a skew field if for every non-zero element a of A there is an element o"-*^ G A 
satisfying 

aa~^ = 1 = a~^a. 

Clearly, a commutative skew field is a field, and the set of non-zero elements A^ of a 
skew field A forms a group under multiplication. On the other hand, the center Z(A) of 
a simple ring ^ is a field, as for any non-zero element a in Z{A) the two sided ideal aA 
is A by simplicity, and its inverse a"^ exists in Z{A). In particular, a simple ring A is an 
algebra over any subfield K of Z{A). 

Definition. A finite dimensional simple algebra A over a field K which is also a skew 
field is a division algebra over K. When K = Z{A), the division algebra A is said to be 
central and is also referred to as an Azumaya algebra. 

Example A.l. The algebra Mn(K) of all n x n matrices over a field X is a simple 
algebra. To see this consider the canonical basis {cij} of M„(iC), where e^j denotes the 
matrix having zero coefficients everywhere except 1 for the entry on the i-th. row and j-th. 
column. We need to show that given a non-zero two-sided ideal / of M„(K), every Cij 
belongs to /. Since 

en if j = k, 
ifj/Zc, 

we only have to show that / contains at least on of the e^j . Let 



a = ^ aijeij G / 

be an element of / with G K and 7^ for some 1 < A;, Z < n. Then 

ikieki = ekkceii G I 

and Cki G / as desired. It is clear however that when n > 2, Mn{K) is not a division 
algebra. 

Example A. 2. When K is an algebraically closed field, there is no X-division algebra 
other than K itself, for if A is such an algebra we must have K(a) = K for every element 
a in A. 
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Proposition A.3. If A is a division algebra over a field K, then any K-suhalgehra B of 
A is itself a division algebra. 

Proof. For any non-zero element x & B, we must show that G ^ is an element of B. 
Since B is of finite dimension over K, the elements of the sequence 1, x, x^, . . . are linearly 
dependent via a polynomial in B we can assume to be unitary and with a non-zero constant 
term; in other words 

x"* -I- bm-ix"^'^ -I- . . . -I- 6ix -I- 60 = with biE B and bo 7^ 0. 

Hence 

+ 6„_ix"-2 + . . . + 5i) = -60, 

and therefore 

x-^ = -bo^x""-^ + 6„_ix"-2 + . . . + 61) eB 
as desired. □ 



The following classic result reduces the study of finite dimensional simple algebras to 
the particular case of division algebras. A proof can be found in [12] theorem 2.5 or [18] 
section 7a. 

Theorem A. 4 (Wedderburn). A finite dimensional simple algebra A over a field K is 
isomorphic as a K-algebra to Mn{D) for D a K-division algebra. The integer n is unique 
and D is unique up to isomorphism. 

Corollary A.5. The dimension of a central simple algebra is a square. 

Proof. If A is a central simple algebra of dimension [A : K\ over a field K and if K denotes 
the algebraic closure of the latter, we obtain a central simple algebra A ®k K of the same 
dimension 

[A(S)kK:K] = [A: K]. 

By Wedderburn's theorem A fS>K K is X-isomorphic to Mn{D) for D a central division 
algebra over K. Because K is algebraically closed, we have D = K hy example A.2. This 
implies that A ®k K has dimension over K. □ 

From the Wedderburn theorem, we know that if ^ is a central simple algebra of 
dimension over K, then A = Mr{D) for D an Azumaya algebra over K, and there is 
an integer m with 

n'^ = [A:K] = r^[D : K] = rV^ 

The skcwficld D is called the skewfield part of A, the integer deg(^) = n is the degree of 
A and ind(^) = m is its index. 

Another classic result we use in the text is the following. For an algebra A and a 
subalgebra S of ^, we denote by 

Ca(S) = {ae A \ ab = ba for any b e B} 

the centralizer of B in A, and we denote by B"^ the opposite ring of B. As shown in [12] 
theorem 8.4, we have: 
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Theorem A. 6 (Centralizer). Let A be a central simple algebra of finite dimension over 
a field K, and let B be a simple subalgebra of A. Then 

1) there is a K-algebra homomorphism Ca{B) <Sik M^B:K]{K) = A<Sik 

2) Ca{B) is a central simple algebra over Z{B); 

3) Ca{Ca{B)) = B; 

4) Ca{B) ®z{b) B = Ca{Z{B)) via the map 

Ca{B) xB^ Ca{Z{B)) : {x, b) ^ xb. 

In particular if B is central over K, then 

Z{B) = K, Ca{Z{B)) = A and [A : K] = [B : K][C a{B) : K]. 

Corollary A. 7. The degree of a commutative extension L of K contained in a finite 
dimensional central simple K-algebra A divides deg{A). 

Proof. Because L C Ca{L), we have 

[Ca{L) : K] = [Ca{L) -.LliL-.K], 

and therefore 

[A:K] = [L: K][Ca{L) : K] = [L : K]2[Ca(L) : L]. □ 

Thus the problem of describing subfields of finite dimensional central simple algebras 
is reduced to the problem of describing their maximal subfields, that is, those subfields of 
A containing K that are not properly contained in a subfield of A. Because A is assumed 
to be of finite dimension, maximal subfields always exist in A. 

Proposition A. 8. // L is a maximal subfield of a finite dimensional central simple K- 
algebra A, then Ca{L) = Mn{L). In particular, if A is an Azumaya algebra, then 

Ca{L) = L and [L : K] = [A : K]^ = ind{A) . 

Proof. According to the Wedderburn theorem, if the first assertion was not true we would 
have Ca{L) — Mn(D) for a noncommutative division algebra D over L. This division 
algebra would then contain a subfield properly containing L, and this would contradict 
the maximality of L in ^. Furthermore if ^ is a skew field, we must have n = 1, so that 
Ca(L) = L. By the centralizer theorem, 

[A:K] = [Ca(L) : K][L : K] = [L : K]'', 

as desired. □ 

We end the section by stating one of the most useful results in the theory of simple 
algebras. See [18] section 7d or [12] section 8 for proofs. 

Theorem A. 9 (Skolem-Noether) . Let A be a finite dimensional central simple algebra 
over a field K and let B be a simple K-subalgebra of A. If (p : B ^ A is a K-algebra 
homomorphism, then there exists a unit a E A^ satisfying 

(p{b) = aba~^ for all b E B. 

In particular, every K -isomorphism between subalgebras of A can be extended to an inner 
automorphism of A. 
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Brauer groups of local fields 



We collect here the needed results on Brauer groups, cyclic algebras and local class 
field theory. More details can be found in [18] chapter 7. 

B.l. Brauer groups 

Let K he a field and let A,B he a central simple ii'-algebras. Wc say that A and B 
are equivalent, denoted A ^ B, if their skewfield parts are iC-isomorphic, in other words 
if there is an isomorphism of ii'-algebras 

A ®K Mr{K) ^B®K Ms{K) 

for some integers r and s. Let [Al\ and [B\ denote the respective equivalence classes of A 
and B. Under multiplication defined by 

[A]-[B] = [A®K B], 

the set of classes of central simple X- algebras forms an abelian group denoted Br{K); it 
is called the Brauer group of K. Clearly, its unit is [K]. 

For an extension L of K, there is a group homomorphism 

Br{K)^Br{L) : [A]^[L®kA], 

whose kernel Br{L/K) = Br(L,K) is the relative Brauer group of L over K. Thus 
[A] G Br{L/K) if and only if L ^ — Mr{L) for some integer r, in which case we say 
that L splits A, or is a splitting field of A. As shown in [18] theorem 28.5 and remark 28.9, 
we have the following: 

Proposition B.l. For D a central division algebra over K, a field L splits D if and only 
if it embeds as a maximal subfield of D. 

For [A] G Br{K), we define the exponent exp[A] of [A] to be the order of [A] in Br{K), 
and we define the index ind[A] of [A] to be the index of the skewfield part of A, that is 

ind[A] = ind{D) = [D:K\^ 

for D a division algebra equivalent to A in Br{K). As given in [18] theorem 29.22, we 
have: 

Proposition B.2. For any [A] in Br{K), ind[A] is a multiple of exp[A]. 
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B.2. Crossed algebras 

Let L be a Galois extension of K with Galois group G = Gal{L/ K). We define an 
algebra 

^ = ^ Lua 

having as L-basis a set of symbols {ua- \ a & G} satisfying 

(j(x)'Uu = UijX, U(jUt = fa,T'^aTi and p{fa,T)fp,aT ~ fp,afpa,T 

for X £ L, p,a,T £ G and /o-,t £ ■ A map f : G x G ^ satisfying this third 
condition is a factor set from G to . Given such an /, the algebra A thus constructed 
is a crossed(-product) algebra and is denoted {L/K,f). 

According to [18] theorem 29.6, for each /, {L/K,f) is a finite dimensional central 
simple algebra over K having L as maximal subfield. 

Proposition B.3. If A= {L/K, f) and exp[A] = [L : K], then A is a division algebra. 

Proof. Let n = [L : i^], so that [A : K] = ri^, and let D be the skewfield part of A with 

A = Mr{D) and m = ind[D]. Then n = mr, and exp[^] divides m by proposition B.2. 
Because exp[A] = n, we have m = n and r = 1, in which case ^ is a division algebra. □ 

We also know from [18] theorem 29.6 that the set of factor sets from G to can 
be partitioned under an equivalence relation to form a multiplicative group of classes [/] , 
isomorphic to the second cohomology group H'^{G,L^), in such a way that two crossed 
algebras {L/K,e), {L/K,f) are X-isomorphic if and only if [e] = [/]. Then by [18] theorem 
29.12 we have the following: 

Theorem B.4. Let L be a finite Galois extension of a field K with Galois group G. Then 

H'^{G,L'') ^ Br{L/K) 

given by mapping [/] G H^{G,L^) onto the class [{L/K,f)] G Br{L/K). 

Remark B.5. As noted in remark (i) following theorem 29.13 of [18], if if C K' C L 
are finite Galois extensions with Galois groups G = Gal{K/L) and G' = Gal{K' /L), then 
there is a commutative diagram 

H'^{G,L'')^^Br{L/K) 

H^{G',L'')^^Br{L/K') 

where the left hand vertical map is the restriction homomorphism induced by the inclusion 
G c G'. 



B.3. Cyclic algebras 

Let L be a finite Galois extension of a field K with cyclic Galois group G = Gal{L / K) 
of order n generated by a; such an extension is called cyclic. Let a be an element of 
and form the associative K-algebra 

n— 1 

A={L/K,a,a) = ^Lu\ 

i=0 



B.3. Cyclic algebras 
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for an element u satisfying ux = a{x)u and vP" = a for all x E L, where is identified 
with the unit of A. Such a if-algebra is called cyclic. 

As explained in [18] section 30, A is isomorphic to the crossed algebra {L/K, /) where 
the factor set / from G to is given by 

f _ / ^ iii + j<n, 
ya 11 1 + J > n, 

for < i, J < n — 1. In particular, ^ is a central simple i^-algebra split by L. Conversely, 
[18] theorem 30.3 establishes that if L/K is a cyclic extension with Galois group G of 
order n generated by cr, and if / is a factor set from G to L^, then the crossed algebra 
{L/K,f) is isomorphic to the cyclic algebra {L/K, a, a) for 

n-l 
1=0 

According to [18] theorem 30.4, we have: 

Proposition B.6. Let L/K be a cyclic extension with Galois group of order n generated 
by a, and let a,b G K^ . Then 

1) {L/K, a, a) = {L/K, cr*, a*) for any integer s prime to n; 

2) {L/K,a,l)^Mn{K); 

3) {L/K, o, a) = {L/K, a, b) if and only if | belongs to the norm Ni/j({L^). In partic- 
ular, {L/K, a, a) = K if and only if a E N£/x{L^); 

4) {L/K, a, a) ®k {L/K, a, b) = {L/K, a, ab) . 

Corollary B.7. Let A = {L/K, a, a) be a cyclic algebra. Then exp[A] is the smallest 
positive integer s such that a* G Nl/x{L^). 

Proof Since [A]' = [{L/K, a, a')], we have [A]' = 1 if and only if a' e Nl/k{L''). □ 

We know from class field theory and theorem B.4 that the map 
K"" ^ Br{L/K) : a ^ [{L/ K,a,a)\ 
is an epimorphism of group which induces an isomorphism: 
Theorem B.8. If L/K is a cyclic extension with Galois group G, then 

H\G,L'') ^ Br{L/K) ^ K"" /Nl/k{L''). □ 
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B.4. The local case 

Suppose that K is a local field with residue field of cardinality q and a uniformizing 
element ttk- Let n be a positive integer, Kn an unramified extension of degree n over K, 
and let a G Gal{Kn/K) = Z/n be the Frobenius of this extension. For a positive integer 
r, we consider the cyclic algebra A = (Kn/K, a, tt^) and we define the Hasse invariant of 
A to be 

r 
n 

By [18] theorem 31.1 and 31.5, wc know that the isomorphism class of A only depends on 
r modulo n, and that the skewfield part of A has the same invariant as A. Consequently, 
the invariant of A only depends on the class [^4] in Br{K) and there is a well defined map 



invK '■ Br{K) — 
it is in fact an isomorphism by [18] theorem 31.8: 
Theorem B.9. If K is a local field, then Br{K) = Q/Z via invx- 

By [18] theorem 31.9, we have: 

Theorem B.IO. Let L be a finite extension of degree m over a local field K. There is a 
commutative diagram 

Sr(L)^^ Q/Z 
where the right hand vertical map is multiplication by m. 

Corollary B.ll. Let L be a finite Galois extension of degree m over a local field K with 
Galois group G. Then 

H^{G,L'') ^ Br{L/K) ^ Z/m. 
Proof By theorem B.IO and the definition of Br{L/K), there is a commutative diagram 

1 ^ Br{L/K) ^ Br{K) ^ Br{L) 



where the top row is exact, the bottom map is multiplication by m, and the vertical maps 
are isomorphisms. Hence Br{L/K) is isomorphic to the kernel of the bottom map. □ 

Corollary B.12. If K C K' C L are finite Galois extensions of local fields with Galois 
groups G = Gal{L/K) and G' = Gal{L/ K'), then the restriction map 

H^{G,L'') -^H^{G',L'') 

induced by the inclusion G' C. G is surjective. 
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111 



Proof. The diagram 

res 



Br{L/K) 



. Br{K)^^ Br{L) 



■Q/Z 



Br{L/K' 



Br{K' 



Br{L) 



■Q/Z 



given by theorem B.4 and B.IO is commutative by remark B.5. By corollary B.ll, the 
relative Brauer groups Br{L/K) and Br{L/K') arc cycHc of order \G\ and respectively, 
and the second square in the above diagram may be identified with the commutative square 



Z/ 



Z/ 



G\ 



|G| 
IG'I 



G' 



,/ 1 inc 



where the right hand vertical map is multiplication by |^ according to theorem B.IO. In 

particular this latter map is surjective and sends py to Hence the generator of Z/|G| 

associated to p| must be sent to a generator of Z/|G'|. The second vertical map in the 
first diagram given above is therefore surjective and the result follows. □ 

Proposition B.13. Let L/K he a finite Galois extension of local fields of characteristic 
zero with cyclic Galois group G. 

1) If L/K is unramified, the valuation map induces an isomorphism 



1 



H\G,L-) - H\G, ^Z) - (7rK)/(7r^l), 

for e(L) the ramification index of L/Qp and ttk a uniformizing element of K. 
2) If L/K is totally ramified, the valuation map induces an isomorphism 

H^{G,L'') ^ H'^{G, Ol), 
for Ol the ring of integers of L. 

Proof. The valuation map v = ■uQj, : L^ ^ e(Z)^ surjective and induces a short exact 
sequence 



L' 



e(L) 



Z 



which in turns induces a long exact sequence 



H\G,^Z) ^ H^{G,0^) ^ H^{G,L'') ^ H^{G, -^Z) ^ {G , O^) . 



e(L) 



e(L) 



If L/K is unramified, [20] proposition 1 says that II^{G, O^) is trivial for alii eZ and 
hence yields the result. 

li L/K is totally ramified, there are unifomizing elements ttk of K and ttl of L such 
that 

TT/f = (ttl)!^!. 
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Therefore 

vi-KK) = IGHttl) = \G\ ■ ^Z, 

and consequently the map H'^{G, L^) — > H'^{G,-^^1j) is trivial. Moreover, since G is 
finite and ^^X)^ is infinite, we have H^{G, '^^'^) = and the result follows. □ 

Example B.14. For any prime p and a > 1, we have 

Indeed, for 1 < r < a — 1 let cr be a generator of Gal{Qp{(pr+i)/Qp{(pr)) satisfying 
and define 

. . . , Xp) 

to be the homogeneous symmetric polynomial of degree i in p variables Xi, . . . ,Xp, so 
that 

flix-x,) = 

i=l i=l 
Then for 1 < A; < p — 1 we have 

■p-i 

i=o 

p 



^(-ly m'pr+u ^(c;.+i), ^^-^Cp^+o) 

i=0 



i=0 



where the last equality is a consequence of the fact that 



As shown in corollary 3.2 



1 if i = 0,p, 
ifi^O,p. 



p-l 

P = IKCp - 1) = ^Q.(Cp)/Qp(Cp - !)• 
fe=i 

Consequently 

^Qp(Cp<:«)/Qp('Qp(Cp")'') and P G iV'Qp(Cpa)/Qp(Cp)(<Qp(Cp-)'')- 
Moreover if p = 2, we have 

2,(l±C4)e A^Q,(C,a)/Q.(C4)(Q2(C2«)^) for a>2. 



B.4. The local case 
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For a local field K of characteristic zero with uniformizing element ttk and ring of 
integers Ok, we let 

UiiO^) = {xGO^\ vk{x - 1) > ^} 

= {x eO^ \ x = l mod tt'k}, i > 0, 
be the i-th group in the filtration 

Proposition B.15. Let L/K be a finite Galois extension of local fields of characteristic 
zero with Galois group G. If L/K is unramified, then the trace 

Tra = TrL/K : I ^ k 

is surjective on the residue fields, and the norm 

Ng = Nl/k -Ol^O^ 

is surjective on the groups of units of the rings of integers. 

Proof. Since G = Gal{l/k) is cyclic, Hilbert's theorem 90 yields H^{G, I) = 0. Let t denote 
a generator of G, and let Tr := Tra. In the periodic complex 



we have Ker{Tr) = Im{l — t). Hence 

\Ker(l -t)\ = ——j^ ^ = M = \lMTr)\, 

' ^ ^' |/m(l-t)| \Ker{Tr)\ ' ^ ^" 

and H^{G, I) = 0. Because Ker{l — t) = k, it follows that ImiTrc) = k. 

In order to show the second assertion, we first note that for any i > 1 the norm Nq 
becomes the trace 

Tr : U,{Ol)/U,+^{Ol) U,{Ol) /U,^^{Ol) 

on the successive quotients of the filtration of the units of the rings of integers; these maps 
are surjective by the first assertion. For each i > 1, consider the commutative diagram 

1 ^ U,{Ol)/U,+,{Ol) — ^ u,{oi)/u,uoi) — - U,{Ol)/U,{Ol) ^ 1 

[Tr 



1 ^ Ui{Ol)/Ui+,{Ol) — C/i(0^)/[/,+i(0^) — U,{0-^)/Ui{Ol) 1, 

where the horizontal lines are exact and the vertical maps are induced by the norm. If 
i = 1 the vertical maps are obviously surjective. Moreover if i > 2 and if the vertical 
map on the right hand side is surjective, then the middle one is also surjective by the five 
lemma. We conclude by induction on i that Nq is surjective on ^71(0^), and consequently 
on O^. □ 

Remark B.16. According to classical Galois theory (see for example [14] chapter VI 

theorem 1.12), if Ki and K2 arc extensions of Qp such that K1K2 = L, Ki D K2 = K 
and L/K is Galois with abelian Galois group, then any x ^ K such that x G Nk^/x{^i) 
satisfies x G N^iK^iK^)- 
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Appendix C: 

Division algebras over local fields 



We provide here a short account on division algebras over local fields. The reader may 
refer to [18] chapter 3 for more details. 

Let K be a local field with residue field of cardinality q, let -kk be a uniformizing 
element of K, and let -D be a central division algebra of dimension over K. As shown 
in [18] theorem 12.10, the normalized valuation vk ■ ttr i->- 1 on K extends in a unique 
way to a valuation v = vd on D. By [18] section 13, we know that the skew field D is 
complete with respect to v and that the maximal order Od of D is of degree v? over the 
ring of integers Ok of K. Let d and k denote the residue fields of D and K respectively. 
By [18] theorem 13.3 we have 

= ef, 

where 

• e = e{D/K) = \v{D^)/v{K^)\ denotes the ramification index of D over K; 

• f = f{D/K) = [d : k] denotes the ineriial degree of D over K. 

Proposition C.l. If D is a central division algebra of dimension v? over a local field K, 
then 

e{D/K) = f{D/K) = n. 

Proof. Because there exists an element x e D such that v{x) = e{D/K)~^ and as x belongs 
to a commutative subfield of degree at most n over K, it follows that e{D/K) < n. On 
the other hand is a finite field and d = is a commutative field, for y the image in d 
of some suitable y E D. Hence f{D/K) < n and the result follows. □ 

Since [d : k] = n, we can find an x G Od such that k(x) = d. Let Kn = K{x). Because 
Kn is commutative, [K^ : K\ <n. On the other hand, x is an element of the residue field 
kn of Kn, while fc„ = d, so that [kn : k] = n. It follows that Kn is a maximal unramified 
extension of degree n over K in D. Such a Kn is referred to as an inertia field of D. 
Of course the above construction of Kn is not unique, but the Skolem-Noether theorem 
implies that all inertia fields are conjugate. 

Let CO e be a root of unity satisfying 

K{lo) = Kn, 

in particular u is of order g'*— 1. According to [18] theorem 14.5, there exists a uniformizing 
element n of D satisfying 

tt" = ttk and ttwtt"^ = o;^ , 

where s < n is a positive integer prime to n, uniquely determined by D, which does not 
depend upon the choice of co or tt. Let r G Z be such that rs = 1 mod n; in particular r is 
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prime to n. Using [18] theorem 31.1 and proposition B.6, we know that D is isomorphic 
to the cyclic algebra 

D ^ {KjK,a','KK) = {Kn/K,a,7r'K), 
and is classified up to isomorphism by its invariant 

invK(D) = - G Q/Z. 
n 

In other words we have: 

Theorem C.2. All Azumaya algebras over a local field K are classified up to isomor- 
phism, via invK, by the elements of the additive group Q/Z. 

Notation C.3. For a class in Q/Z represented by an element r/n G Q with (r; n) = 1 
and 1 < r < n, the corresponding Azumaya algebra is denoted D{K,r/n). When K = Qp, 
r = 1 and p is understood, we write B„ = D{Qp, 1/n). 

Corollary C.4. If D is a central division algebra over a local field, then exp[D] = ind[D]. 

Proof. Suppose invxiD) = ^, where K denotes the center of D and [D : K] = r? . By 
definition ind\D\ = n. We know from proposition B.2 that exp[A] must divide n. Because 
r is prime to n, it follows that exp[A] = n. □ 

Remark C.5. Suppose invxiD) = ^- By the Skolem-Noether theorem, the Frobenius 
automorphism a of K(uj) = is given by 

a{x) = ^xC^ 

for a suitable element ^ G -D^ determined up to multiplication by an element of K{uS)^ . 
Then clearly the image of u(^) in 

-Z/Z C Q/Z 
n 

is none other than the invariant of D. Furthermore, as cr" is the identity on the inertia 
field K{ijS), we know that ^" commutes with all elements of K{lli) and hence belongs to 
K{ijj). Because 

v{o = lv{e), 

we have v(^) = r/n. Hence = tt^u for a unit u G K{oj)^. In this case, 

D ^ D{K,r/n) = K{uj){0/{C = t^'k.^x = x'^^) 

as mentioned in the paragraph following the proof of [18] theorem 14.5. 

So far, we have dealt with unramified extensions of the base field K, but there are in 
D many more commutative subfields. It can in fact be shown that all extensions of K of 
degree dividing n exist; see [18] theorem 31.11, [7] 23.1.4 and 23.1.7, or [20] section 1 for 
proofs. 

Theorem C.6 (Embedding). If D is a central division algebra of dimension r? over a 
local field K, then the degree of a commutative extension L of K in D divides n, and any 
extension L of K whose degree divides n embeds as a commutative sub field of D. 
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In particular, a local field L of characteristic zero embeds in some ]D)„, in which case 
its group of units is a subgroup of . The structure of , both algebraically 
and topologically, is well known and is recorded below; see for example [15] chapter II 
proposition 5.3 and 5.7. 

Proposition C.7. Let L be a local field of characteristic zero with residue field I = F^/, 
roots of unity lJi{L) and uniformizing element ttl- Then 



= (7rL)xr xt/i(0^) 
^ Z X n{L) X Z|,^^^fl 

The most frequently encountered fields are the cyclotomic extensions of Qp. Recall the 
following result from [15] chapter II proposition 7.12 and 7.13. 

Proposition C.8. Let ( be a primitive k-th root of unity for k = j3p°^ > 1 with {P; p) = 1, 
and let f be the smallest positive integer such that p^ = 1 mod /3. Then Qp{C)/Qp 
Galois extension with ramification index ip{p") and residue degree f, where 



'p(C)) 

Gal{Qp{0/Qp) 
Corollary C.9. We have 



jZ/p°'{pf-l) ifp>2ora>l, 
\z/2(2^-l) ifp = 2anda = 0, 

r(Z/p«)XxZ// ifa>l, 
[Z/f ifa = 0. 



^ />Nx ^ ^ r.ix [Z X Z/p"(p/-l) X Z^^^ ^-^ ifp>2ora>l, 
Q (0^ ^ZxZpCr = i li' \y ) P J I' 

' \ZxZ/2(2/-l) xZ^ ifp = 2anda = 0. 

Proof This follows from proposition C.7 and C.8. □ 

Wc end the section by analysing the invariant of some embeddings that are useful in 
the text. 

Proposition C.IO. Let D be a central division algebra of invariant ^ over a local field 
K for r prime to n, let L C. D be a commutative extension of K, and let m be such that 
n = m[L : K]. Then Cd{L) is a central division algebra of invariant ^ over L. 

Proof Using the centraliser theorem A. 6, we know that Cd{L) is a central division algebra 
of dimension over L, and we have 

D^kL ^ Cd{L)®kM^/^{K) 

^ CD{L)(S)LL(g>K M^/^{K) 
^ Cd{L)®lM^/^{L). 

Hence the invariant of Cd{L) is that of D (g)^ L, which is ^[L : K] by theorem B.IO. □ 

Proposition C.ll. For any prime p, embeds as a Qp-subalgebra ofDn if and only if 
n = km with k = l mod m. 
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Proof. If D{Qp, 1/m) embeds as a Qp-subalgebra of D{Qp, 1/ra), then the centralizer the- 
orem provides an isomorphism 

D{Qp, 1/n) ^ D{Qp, 1/m) CdMQp^ 1/m)), 

so that there is an integer k satisfying n = km. Because C/:)^(I?(Qp, 1/m)) is a central 
division algebra over Qp, we also know the existence of an integer I such that 

CDSD{%Mm))^D{%,l/k). 

The law on the Brauer group Q/Z being defined as such a tensor product over the Qp- 
Azumaya algebra classes (see appendix B), it follows that 

1 1 ^ , ^ 

- = hi- mod Z. (*) 

n m k 

Consequently l = k + lm mod n, and k = l mod m. 

Conversely, if n = km with k = 1 mod m, there is an integer I prime to k such that 
1 = k+lm mod n. It follows that (*) is verified and -D(Qp, 1/m) embeds as a Qp-subalgebra 
ofD(Q,l/n). □ 

Corollary C.12. When p = 2, D2 embeds in D„ if and only if n = 2 mod 4. □ 
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We give here a short account on endomorphisms of formal group laws of finite height 

n defined over a field of characteristic p > 0. We summarize how these occurs as elements 
of the central division algebra = D{Qp, 1/n) of invariant ^ over Qp. The reader may 
refer to [7] or [5] for more details. 

Definition. Let i? be a commutative ring with unit. A formal group law over R is a 
power series F = F{X, Y) = X +fY e R[[X, ¥]] satisfying 

• F{X,0) = F{0,X) = X, 

• F{X,Y) = F{Y,X), and 

. F(X. F(Y, Z)) = F(F{X, Y), Z) in R[[X, Y, Z\\. 

We denote by FGL(R) the set of formal group laws defined over R. For F,G ^ FGL(R), 
a homomorphism from F to G is a power series / = f{X) £ R[[X]] without constant term 
such that f{F{X,Y)) = G{f{X), f{Y)). It is an isomorphism if it is invertible, that is, if 
the coefficient of X is a unit in R. 

The set Homji{F, G) of homomorphisms from F to G forms an abelian group under 
formal addition 

G{f{X),g{X)) = f{X) +G9{X). 

When F = G, the group Endn^F) = Homn^F, F) becomes a ring via the composition of 
series. Its group of units is written Endn^F)^ = AutR^F). For an integer n £'L,we define 
the n-series [njp to be the image of n in EndR{F) via the canonical ring homomorphism 
Z — )• EndR{F), in other words 

[n]F{X) = X+f. . .+fX^ . 

n times 

As shown in [5] chapter I §3, when R = k is a field of characteristic p > 0, any homomor- 
phism / € Homk{F, G) can be written as a series 

f{X) = J2aiX^'" 

i>l 

for some integer n = ht{f) G N* U {oo} defined as the height of /, where by convention 
ht{f) = oo if / = 0. For F G FGL{k) we then define ht{F) to be the height of [pj^. As 
shown in [5] chapter III §2, this induces a valuation ht on Endk{F) which turns Endk{F) 
into a complete local ring. In particular, the definition of [n]i? extends to the p-adic 
integers Zp, and ht{f) = if and only if / is invertible. 

Let us fix a separably closed field K of characteristic p > 0. As shown in [5] chapter 
III §2, we have the following three results: the first two provide a classification of the K- 
isomorphisni classes of formal group laws defined over K and the third one describes the 
endomorphism ring as a sub ring of the central division algebra of Hasse invariant l/ht{F) 
over Qp. 
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Theorem D.l (existence). For a positive integer n, there exists a formal group law 
Fn G FGL{¥p) such that \p]f„{X) = XP"' ; it is the Honda formal group law of height n. 

Theorem D.2 (Lazard). Two formal group laws F,G £ FGL(K) are K -isomorphic if 
and only if ht{F) = ht{G). 

Theorem D.3 (Dieudonne - Lubin). For a formal group law F € FGL(K) of finite 
height n, the ring Endx^F) is isomorphic to the maximal order On of the central division 
algebra D„ = D{Qp, 1/n) of invariant ^ over Qp. 

We now describe the image in of the ring of endomorphisms defined over a finite 
subfield of K. For this we identify On with EndxiFn) and fix two integers n,r > 1. Let 
V denote the unique extension to of the p-adic valuation p i-> 1 on . Let Cr be the 
set of conjugacy classes of elements of valuation ^ in On, and let I{¥pr,n) denote the set 
of Fpr-isomorphism classes of formal group laws of height n. Define the map 

$ ■.I{¥pr,n) — >Cr 

by assigning to a formal group law F G FGL(¥pr) of height n and a ii'-isomorphism 
f : Fn ^ F, the conjugacy class of G O^ the element associated to the endomorphism 
f-iXP^'f. Then $ is a bijection (see [7] 24.4.2, or [5] chapter III §3 theorem 2). 

Theorem D.4. The map 

Endw^^{F)^CoMF) ■■ x^f-'xf 

is a ring isomorphism from Endr^riF) to the subring of all elements of On commuting 
with ^p. 

Proof. In EndxiF) = On, the ring Endf^^{F) is characterized by £,pX = x(,p, as a series 
g{X) G K[[X]] satisfies g{X)P = g{XP ) if and only if its coefficients are in Fpi- . □ 

In other words if m = [Qp{^p) : Qp], then m divides n and Endv r{F) is isomorphic 
to the maximal order of the division algebra 

D{Qp{eF),m/n)^CnAeF)^Dn. 

In particular Endf^^(F) is the ring of integers of the Qp-algebra Endf^,.(F) 0Zp Qp- 

Corollary D.5. There exists a formal group law F defined overWpr and of height n such 
that 

Endf^,{F)^EndK{F)^On 
if and only if r is a multiple of n. 

Proof. This follows from the fact that the valuation group of the center Qp of D„ is Z, 
and hence that -Enc?Fj,r (F) = On if and only if Endw^r (F) C Zp. □ 

Corollary D.6. If r = 1, then End^^{F) is commutative and its field of fractions is 
totally ramified of degree n over Qp. 
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Proof. In this case, the element € has valuation i. Hence Qp(Cf) has ramification 
index at least n over Qp. Since Qpi^r) is a commutative subfield of D„, we have [Qp(Cf) : 
Qp] < n and Qp(Cf)/Qp is totally ramified of degree n. The commutativity of Endp^{F) 
follows from the fact that the centralizer of Qp(^_f) in D„ is Qp(^_f) itself. □ 

Generally EndxiF) = On for a formal group law of height n. If F is already defined 
over Fp, the element € Cn corresponds to the Frobenius endomorphism G EndxiF). 

Proposition D.7. If F is defined over Fp, then EndxiF) = Endvp„{F) if and only if 
the minimal polynomial of G On over Zp is — up with u E Zp . 

Proof. One has Endw „{F) = CEndK{F){^F)y therefore EndxiF) = Endf if and 
only if is central. The result then follows form the fact that the center of EndxiF) is 
Zp and the valuation of ^p is equal to the valuation of p. □ 

Prom appendix C, we know that 

On = Zpiu){^F)/{CF=pU,^FxCF^ = a{x)), X G Zp{uj), 

for a primitive (p" — l)-th root of unity io and a G Gal{'Lp{uj) /Zp) = GaZ(Fpn/Fp) the 
Frobenius automorphism. Here a lifts to an action on On given by 

^XiCf = ^<^{Xi)CF^ Xi G Zp(w). 
\?>0 / i>0 

Since = pu, we know that v{^f) = ^- Thus the valuation map and the canonical 
projection tt : — )■ B^ / {pu) induce the exact commutative diagram 

1 1 



Y 

{pu) 



{pu) 



n 



i^F) 



o^ 



.B-/{pu)^{^F)/{pn) 



in which the bottom horizontal sequence splits and the group {^f)/{pu) = Gal{Fpn /¥p) 
acts on On = Sn by the above given action. It follows that 



K/{pu) = Sn Gal{¥pu/¥p) ^ G„(«) 
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Notations 



Integers 



n 


a positive integer 






P 


a prime 






k 


the maximal integer such that divides n 


P- 


13 


m 


the positive integer -;^f^ when p — 1 divides n 


P- 


13 




the positive integer ^^^^^ for < a < A; 


P- 


13 


(a; 6) 


the greatest common divisor of a and b 








the positive integer \Fi/Fi-i\ for 1 < z < 3 






[A:K] 


the dimension of A over K 






deg{A) 


the degree of A 


P- 


104 


ind{A) 


the index of A 


P- 


104 


exp{A) 


the exponent of A 


P- 


107 


e{D/K) 


the ramification index of D over K 


P- 


115 


f{D/K) 


the inertial degree of D over i(' 


P- 


115 



Elements 



u a unit in 



S an element of generating the Frobenius such that = p p. 11 

Q a i-th. root of unity 

Xi an element of such that v{xi) = (111=1 s^nd G p. 34, 37 

Epa an element satisfying (^pa — l)'''(p") = pe^a p. 48 

tTq, the element — 1 p. 50 

TTx a uniformizing element of K 



Sets 



Cg{H) 
Ng{H) 

S/ ~G 

^ J^u{Cj^^{Fo},Fi) 
Tu{Cn><{Fo),Fi,r2) 
•^u{Cjj,x {Fo),Fi,L) 
^ M%>^{Fol,F2) 
Tu{Nj,x{Fo),F2,W) 



the centralizer of if in G 
the normalizer of in G 

the set of orbits with respect to the G-action on S 



the set of all finite subgroups of G 


P- 


27 


the set of all subgroups of G containing {pu) 






as a subgroup of finite index 


P- 


27 


as defined in 


P- 


33 


as defined in 


P- 


34 


as defined in 


P- 


35 


as defined in 


P- 


35 


as defined in 


P- 


36 


as defined in 


P- 


38 


as defined in 


P- 


39 
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Groups 





the 


n-th (classical) Morava stabilizer group 


P- 


5 


Sn 


the 


p-Sylow subgroup of Sn 


P- 


12 




the 


n-th extended Morava stabilizer group associated to u 


P- 


5 


KR) 


the 


roots of unity in R 








the 


z-th roots of unity in R 






Fi 


the 


i-th subgroup of G„(«) associated to a finite F C Gn{u) 


P- 


28 


Fi 


the 


i-th. subgroup of , associated to a finite F C G„(n) 


P- 


29 


Z{G) 


the 


center of G 






Z(x) 


the 


infinite cyclic group generated by x 






Cn 


the 


cyclic group of order n 






Cn * Cm 


the 


kernel of the m-th power map on Cn 






Q2^ 


the 


(generalized) quaternionic group order 2" 


P- 


13 


T2A 


the 


binary tetrahcdral group of order 24 


P- 


18 


Ds 


the 


dihedral group of order 8 


P- 


95 




the 


semidihedral group of order 16 


P- 


95 


048 


the 


binary octahedral group of order 48 


P- 


97 


Br{K) 


the 


Brauer group of K 


P- 


107 


Br{L/K) 


the 


relative Brauer group of L over K 


P- 


107 



Rings, fields 



Qp 


the 
the 


finite field with elements 
field of p-adic numbers 






Zp 
W{R) 


the 


ring of p-adic integers 






the 


ring of Witt vectors over R 






D{K, r/n) 


the 


ET-central division algebra of invariant - 


P- 


116 


Bn 


the 


Qp-central division algebra of invariant - 


P- 


116 


On 


the 


maximal order of D„ 






Ok 


the 


ring of integers of the field K 






U^{Ol) 


the 


i-th filtration group {x G \ vk{x — 1) > i} 


P- 


113 


R{G) 


the 


i?-algebra generated by G 


P- 


14 


m 


the 


group ring generated by G 








the 


ring Zp[Cpa] 


P- 


50 



Maps 

V the valuation 1 relative to Qp 

vk the valuation ttk ^ 1 relative to the field K 

vd the valuation 'Kz{d) ^ 1 relative to the division algebra D p. 115 

if Euler's totient function p. 12 

Nj^jj^ the norm of the extension L/K 

TrijK the trace of the extension L/X 

Nq the norm relative to the Galois group G 

Trc the trace relative to the Galois group G 
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